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Abstract
In the paper, the results of fatigue investigations on smooth and flame yarns are presented. 
The investigations were performed for yarns of the following types 25, 30, 40 and 50 tex, i.e. 
for thin yarns as well as for relatively thick ones made in spinning mills. An assessment of 
fatigue life was made based upon statistically analysed Wöhler curves. Aiming for a more 
complex presentation of changes over time taking place due to variable loading, we performed 
an assessment of the simultaneous influence of linear mass changes for smooth and flame 
cotton yarns as well as coefficients of the real loading cycle on the fatigue life of adequate 
yarns (represented by the number of loading/fatigue cycles). A statistical approach to the 
identification of characteristics of fatigue life was utilised. Experimental data were approxi-
mated via linear-square polynomials. Additionally, factor analysis was performed, which 
has not been considered till now, in relation to the fatigue phenomena modelling. Due to the 
wide and comprehensive plan of experiments as well as the number of trails and specimens 
utilised, such investigations are rarely described in references. Within the framework of the 
experiment program, a consecutive series of planned tests: 4 x 8 based upon 32 variants 
for 20 tests were taken into consideration for smooth yarns of every variant as well as an 
adequate number of tests performed separately for cotton flame yarns. This allowed us to 
make versatile statistical analyses and reliable identification of needed quantities and pa-
rameters. Utilisation of a pre-designed (planned) experiment allows for assessment of the 
average behaviour of a product in a real technological process, while methods considering 
characteristics in dependence on one variable are too simple for showing the ongoing chan-
ges. They could not fully represent the behaviour of an artifact/product in service conditions.
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 Introduction
The application of high quality compo-
nents in clothing production allows to 
obtain excellent products i.e. having pre-
defined parameters such as: elasticity and 
low contractility, as well as to prevent 
against colour fading during washing. 
Another solution could be implemented 
i.e. the modification of utilided produc-
tion technology which allows to obtain 
a product with a prescribed fatigue life or 
strength. 

In the production of clothing dedicated 
for general usage as well as for special 
clothing, different types of yarns are 
commonly used. In general, we consider 
a yarn as a textile product of continuous, 
cylindrical structure, which is made as 
a result of the twisting of fibre bands dur-
ing a process called spinning. It is made 
of long and short fibres e.g. of cotton  
[2, 13, 15]. 

The number of twists which occur in 
a 1 m length of yarn is a crucial factor 
determining its breaking strength soft-
ness. A low number of twists causes that 
the yarn is slightly rough, but stronger. 

Sometimes, several yarns are twisted 
mutually, which causes that the yarn ob-
tained has higher breaking strength and 
resistance against wear as well as that 
we can obtain a yarn of higher smooth-
ness [2, 13, 15]. The manufacturing of 
yarn is highly complicated because the 
defects which can occur are sources of 
possible breakages. Moreover, one of the 
most frequently observed causes of tex-
tile material damage is a fatigue failure, 
which is dangerous in its consequences 
due to its unexpected nature. Textile ma-
terials are usually subject to damage due 
to the loadings being essentially lower 
than those determined during static tests. 
Damage occurs without any visible plas-
tic deformations, despite the causes of 
damage being – among others – imper-
fect material elasticity [2, 13, 15].

The aim of the present paper was the 
assessment of the results of the simulta-
neous influence of the variability of the 
linear masses of cotton yarns and the co-
efficient of the real loading cycle on the 
fatigue life of yarns. Fatigue life is meas-
ured via the number of fatigue cycles. 
Aiming to establish the variability of on-
going phenomena, we applied the statisti-

Nomenclature
B – coefficient of regression function, 
F – statistics F – Snedecor, MP – initial 
elasticity module of yarn, n – number of 
experiments performed within laboratory 
investigations, N – fatigue life, R – coef-
ficient of multi correlation, Re – plasticity 
limit, Tt – linear mass of yarn, Wt – spe-
cific average strength of yarn, X – matrix 
of experiments, Y – vector of outputs of 
the object.

Nomenclature – Greek signs:
α – significance level, βp – coefficient 
of fatigue life, ηs – coefficient of statical 
strength, σa – amplitude of loading cycle, 
σmax – maximal loading of a cycle, σmin – 
minimal loading of a cycle, σm – average 
loading of a cycle, σs – coefficient of the 
real loading cycle.
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cal method of identification. The data sets 
obtained were approximated by means of 
linear-square polynomials. The paper is 
based upon previous experiments, practi-
cal knowledge as well as the experience 
of the authors in the field of evaluation of 
the fatigue life of linear textile products. 
Due to the common usage of compos-
ite materials in industry, in particular in 
the automotive sector, the problems dis-
cussed could be adapted for evaluation of 
materials applied on carcasses depending 
on the twists/weave/plait.

 Experimental investigations
The investigations of fatigue life were 
performed by means of a tensile test-
er (tensile testing machine, tensile 
strength tester) – INSTRON model 5544, 
equipped with Merlin and Test Profiler 
software (Figure 1) [2, 3].

As the minimal value of the loading cycle 
σmin, we assumed the average value of the 
module of the initial elasticity of smooth 
yarns M

�
pn and flame yarns M

�
pp (cN/tex), 

respectively [3]: 

Fig. 1. Tensile tester Instron 5544 with a specimen mounted 

As the minimal value of the loading cycle     , we assumed the average value of the module 

of the initial elasticity of smooth yarns  nM p  and  flame yarns pM p  (cN/tex), respectively 
[3]: 

min min;    n pM p const M p const (1) 
determined upon 50 measurements performed for each of the smooth cotton yarns 

 T25 30 40 50tnT  (tex) as well as  flame yarns [3]. 
The module of initial elasticity was determined in a graphical manner based upon the straight 

interval       of the tensile chart (curve) [3] according to  Hooke’s law, whereas  point eR

was identified based on the conventional yield point (Fig. 2). 

Fig. 2. Scheme of tensile curve, with characteristic points marked 

Within the interval 0 eR R , theoretically, Hooke’s law holds, which means that the existing 
elongations are elastic, (so called: immediate), in the restricted range – elastic-retarded 
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determined upon 50 measurements per-
formed for each of the smooth cotton 
yarns Ttn = [25 30 40 50]T (tex) as well 
as flame yarns [3].

The module of initial elasticity was de-
termined in a graphical manner based 
upon the straight interval R0 – Re of the 

tensile chart (curve) [3] according to 
Hooke’s law, whereas point Re was iden-
tified based on the conventional yield 
point (Figure 2).

Within the interval R0 – Re, theoreti-
cally, Hooke’s law holds, which means 
that the existing elongations are elastic, 
(so called: immediate), in the restricted 
range – elastic-retarded elongations can 
also occur. Taking into account the tradi-
tional notation applied in the textile field 
of knowledge in what follows, the linear 
elastic limit Re is defined (named) as the 
module of initial elasticity Mp (cN/tex).

The maximal loading σmax was estab-
lished upon data related to determination 
of the average loading causing break-
age of the yarn tested W

�
t (cN/tex) based 

upon 50 measurements made for each of 
the yarns considered i.e. smooth yarns 
Ttn = [25 30 40 50]T and flame yarns 
Ttp = [25 30 40 50]T (see [2, 3]). Due 
to the test material discussed, i.e. smooth 
and flame cotton yarns (with the so-
called flame effect), for characteriation 
of the maximal loading, we introduce 
the coefficient of the real loading cycle 
σs. This coefficient depends on the level 
of loadings in a particular cycle. It was 
assumed that the fatigue life will be de-
termined for eight levels of loadings [4]:
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(cN/tex) and that over 99% specimens of yarns were subject to damage in a number of fatigue 

cycles 1pN   and 1nN  . Therefore, this range was essentially near to that of loads causing 
damage to a yarn [2, 3]. 

Moreover, an assumption of the maximal lower value of the loading cycle 
max 0,40s tW     (cN/tex) was influenced by the fact that the fatigue strength was close to 

the range of the ultimate fatigue strength, considered as the fatigue limit of a particular 
material. In fact, the idea mentioned last means that the material could be in service for an
infinitely long time in the case of periodically-changing loadings [3]. 

To obtain a description of changes in the strength of flame yarns in comparison to 
smooth yarns within the range of similar linear masses, we introduce the coefficient of fatigue 
life:  
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For the determination of  Wöhler charts for the yarns analysed in conditions of particular 
loading cycles and for assessment of the results of the influence of fatigue cycles on the value 
of the coefficient of real loading of the yarns analysed,  we applied the non-linear regression 
model. The data obtained were approximated by means of functions in logarithmic coordinate 
systems. Analyses of these problems have already been  performed e.g. in [3, 4]. 

Compatibility of the output from the model with that from the object  was evaluated 
based upon the coefficient of multi correlation R, expressed by means of the following 
formula: 

(4) 
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si - output of the object in i-th experiment, 
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approximated by means of functions in 
logarithmic coordinate systems. Analy-
ses of these problems have already been 
performed e.g. in [3, 4].

Compatibility of the output from the 
model with that from the object was eval-
uated based upon the coefficient of multi 
correlation R, expressed by means of the 
following formula:
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where:
σsi –  output of the object in i-th experi-

ment,
σ̂si –  output of model u in i-th experi-

ment,
n –  number of tests during the experi-

ments,
σ–s –  average value of the object output 

and model output. 

Whereas the significance of the regres-
sion function determined was checked 
based on the statistical relationship be-
tween the statistics F and the coefficient 
of multi correlation ’R’ [3]:
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n – number of  tests during the experiments, 

s - average value of the object output and model output,  
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Figure 4. Statistical description of charts of the fatigue life for smooth cotton yarns and flame yarns of 30 tex linear mass [3].
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Wöhler charts were prepared for the 
yarns investigated in terms of the same 
average loading σm = const. Graphical 
images of the theoretical relationships 
were prepared according to the method-
ology described in [2, 3, 4, 11].

In Figures 3-6, charts of the fatigue life 
of smooth and flame cotton yarns are pre-
sented. These charts were created taking 
into account the confidence intervals at 
the level (1 – α) = 0.95, for the average 
fatigue life N

�
n and N

�
p, respectively (cy-

cles).
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equation was determined for 25 tex 
flame yarn using the given formula: Then, a regression equation was determined for  25 tex flame yarn using the given formula: 
ˆ 1,069 0,048   sn pN  The coefficient of multi- correlation was equal to 0,998R ; F-

Snedecor statistics 
1

4 270,11 7,71   obl krF F F , whereas the confidence interval was as 

follows: 2,161 9,466 pN .
 Analysing the data shown in Fig. 1, we can observe differences in the values of the 
fatigue life of smooth and flame cotton yarns. The fatigue life chart is approximated by a 
straight line a, and the points shown in the chart are situated within the borders of the 
confidence interval           . It confirms the correctness of the choice of levels of the 
coefficient of the real loading cycle within the fatigue life range i.e. at eight loading levels,
considering twenty positive tests at each level in each case (2). 
 However, in the case of flame cotton yarns, fatigue life was determined at six levels, 

due to the achievement of infinite fatigue strength nieogrN  just at the level         
            . The linear equation presented describes correctly the fatigue life of smooth and 
flame cotton yarns.  
 The functions proposed, derived upon  statistical analysis, could be effectively utilised 
in the method of  assessment of the fatigue life of  smooth and flame cotton yarns elaborated. 
For the remaining yarns, the relationships observed also have a linear nature, which is 
presented in Figs. 4÷6.  
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proximated by a straight line a, and the 
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terval (1 – α) = 0.95. It confirms the cor-
rectness of the choice of levels of the co-
efficient of the real loading cycle within 
the fatigue life range i.e. at eight loading 
levels, considering twenty positive tests 
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In the Wöhler curves presented, we can 
observe damage to yarns within the 
low-cycle region I in the case of apply-
ing tensile variable loading (one side 
positive) [3], where tensile has a charac-
ter of static plastic damage (breakage). 
Theoretically, damage to such material 
occurs by ultimate plastic deformation, 
comparable to that caused by static load-
ing. In the case of all yarns analysed, the 
fatigue life of flame cotton yarns is high-
er than for the others, which is caused by 
the higher number of twists. However, 
in comparison to the assessment of stat-
ic strength, the opposite is the case, and 
the process of material damage – typi-
cal for static loading – in other cases is 
essentially different. The coefficient of 
static strength for flame yarns is equal 
to ηs25tex = 93%, which means that flame 
yarns of 25 tex linear mass reach 93% 
of the static strength for smooth yarn of 
similar linear mass. However, it is caused 
by the utilisation of different measure-
ment conditions for the yarns investigat-
ed [1, 4, 8, 9, 10]. The direct influence 
on the results obtained was an absolute 
increase in the specimen length equal to 
150 mm/min during the performance of 
static strength investigations. In the case 
of evaluation of the fatigue life, the ab-
solute increase in elongation was essen-
tially higher, i.e. the elongation value 
was approximately above 1000 mm/min 
depending on the constant (for all yarns 
analysed) set frequency of stress variabil-
ity fc = 4 Hz. In the case of yarns of 30 tex 
and 40 tex linear mass, the coefficient of 
static strength for flame yarns was equal 
to ηs30tex = 91.63% and ηs45tex = 95.95%, 

respectively. Essential diminishing of 
the static strength was characteristic for 
yarn of 50 tex linear mass, whereas the 
coefficient of static strength was equal 
to ηs50tex = 72.44%. It was caused by the 
fact that yarn of such linear mass – made 
by the thin-yarn system – could be within 
the spinning range of linear masses de-
spite making sure of proper technological 
routines.

The fatigue life of smooth and flame cot-
ton yarns was influenced by the variable 
loading acting on the yarn, causing its 
damage. Fatigue strength differs essen-
tially from typical static strength with 
respect to constant static elongation. 
The characteristic feature of the process 
of material damage during the fatigue 
investigations is that the phenomenon 
passes without visible (on a macroscopic 
scale) plastic deformations on the surface 
of the product. Moreover, the fatigue 
strength in the initial phase is connect-
ed with perpendicular features in rela-
tion to the maximal elongation. Within 
the process of the initiation and arising 
(development) of the fatigue damage of 
yarn, a region/volume can be observed in 
which a particular change inside the yarn 
occurs, consisting in the phenomenon 
of yarn migration [5, 6, 15]. Within the 
range of low and high cycles, one can ob-
serve the phenomenon of counter-spin-
ning and splitting of streams of yarn, 
which together accompany the damage 
to the yarn.

To obtain a comprehensive model of the 
fatigue life of smooth and flame cotton 
yarns, we decided to perform an assess-
ment of the simultaneous influence of 
changes in the linear mass and real load-
ing cycle. 

 Usefulness of statistical factor 
analysis for identification  
of the fatigue life of smooth 
and flame cotton yarns

In most cases, statistical properties of lin-
ear textile products imply the necessity 
of utilisation of statistical identification 
methods. The method of factor analysis 
has versatile applications e.g. for an as-
sessment of technological processes as 
well quantitative properties of a stream 
of yarns. It provides an image of the av-
erage behaviour of a product within its 
current technological process. On the 
contrary, the methods for characteristics 
via the one-variable-function are relat-
ed to the situation where too simplified 

assumptions are made; therefore, such 
models do not allow for a complete grasp 
of the ongoing changes.

As was mentioned above, linear tex-
tile products are frequently subjected 
to time-varying loading, which causes 
that fatigue phenomena occur. These 
loadings usually have a very complex 
nature. Especially, in the case of textile 
products, we can consider the average 
loading caused by their own weight or 
initial loading connected with consecu-
tive phases of the technological process. 
The existing asymmetry of loading has 
a direct influence on the amplitude of fa-
tigue loading [8]. Moreover, recognition 
of the mutual relationships between the 
maximal variable loading and the linear 
mass of yarns is essential in relation to the 
assessment of the fatigue life of smooth 
and flame cotton yarns. Making some 
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where:
B – vector of coefficients of the regres-
sion function,
X – matrix of experiments,
XT – transpose matrix,
(XT X)–1 – reverse matrix, covariance type, 
Y – output vector of the object.

Compatibility of an output of the mod-
el with that of the object was evaluated 
based on the coefficient of multi-correla-
tion R, expressed by means of the follow-
ing formula:
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where:
Ni –  output of the object in i-th experi-

ment,
N̂i –  output of the model in i-th experi-

ment,

n –  number of tests within the experi- 
ment scheme,

N– –  average value of the output of the ob- 
ject and that of the model, whereas:
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The measure of the level of confidence 
for the model determined is its variance. 
The more relevant the regression func-
tion, the higher the ratio of the variance 
of the function evaluated to the residual 
variance. Due to this regularity, in every 
case the hypothesis of the non-signifi-
cance of the regression function in the 
following form was considered:

B – vector of  coefficients of the regression function, 
 – matrix of experiments, 
  – transpose matrix, 

1( )TX X 
– reverse matrix, covariance type,  

 – output vector of the object. 

Compatibility of an output of the model with that of the object was evaluated based  on the 
coefficient of multi-correlation R, expressed by means of the following formula: 
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where: 
     - variance of the regression function, 
        - residual variance.

Evaluation of the variance of the regression function was performed by means of the 
relationship: 
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whereas evaluation of the  residual variance was made via the formula: 
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have an F - Snedecor distribution with parameters  n  and 1n k   i.e. the degree of freedom. 
Between the statistics F, and the multi correlation coefficient R, there is a relationship 
described via equation (5). 
To obtain a regression equation applicable for controlling the production process of cotton 
yarns of both types: smooth and flame  and that simultaneously fulfils the needs of 
significance at a particular level (it was assumed 0,05  ), the initial condition as described 
by means of equation (6) should be fulfilled. 

Within the analyses performed, we checked whether the regression function 
considered has a local extremum. For this purpose, we considered the necessary and sufficient 
conditions for the existence of this extremum. The necessary condition for the existence of a 
local extremum is the feature that the values of the first partial derivatives are equal to zero. 
Based on the necessary condition, the following system of equations was obtained: 

. (16) 
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have an F – Snedecor distribution with 
parameters n and n – k – 1 i.e. the de-
gree of freedom. Between the statistics 
F, and the multi correlation coefficient 
R, there is a relationship described via 
Equation (5).

To obtain a regression equation applica-
ble for controlling the production process 
of cotton yarns of both types: smooth and 
flame and that simultaneously fulfils the 
needs of significance at a particular level 
(it was assumed α = 0.05), the initial con-
dition as described by means of Equa-
tion (6) should be fulfilled.

Within the analyses performed, we 
checked whether the regression function 
considered has a local extremum. For this 
purpose, we considered the necessary and 
sufficient conditions for the existence of 
this extremum. The necessary condition 
for the existence of a local extremum is 
the feature that the values of the first par-
tial derivatives are equal to zero. Based 
on the necessary condition, the following 
system of equations was obtained:
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We can rewrite the relationship in the fol-
lowing form:
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In the consideration of the necessary 
condition for the existence of a local 
extremum, we include a discriminant of 
two-variable-function in the form of de-
terminant [11]:
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whereas:
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Based on the sufficient conditions for the 
existence of a local extremum, in every 
case the following conditions were ana-
lysed: 
a) Δ ≤ 0 – then the regression function an-
alysed does not have a local extremum,
b) Δ > 0 and A > 0 – then the regression 
function analysed has a local minimum,
c) Δ > 0 and A < 0 – then the regression 
function analysed has a local maximum.

In the case of the variable linear masses 
of smooth cotton yarns Ttn for variable 
coefficients of the real loading cycle σsn, 
the surface of the ultimate fatigue life 
(represented by the number of loading 
cycles) can be presented in the co-ordi-
nate system: Ttn – σsn – Nn (Figure 7).
 
In turn, in the case of the variable linear 
masses of flame cotton yarns [2, 3, 4] 
Ttp, considering the variable coefficients 
of the real loading cycle σsp; the surface 
of the ultimate fatigue life – represented 
via the number of fatigue cycles – can 
be presented in the coordinate system 
Ttp – σsp – Np (Figure 8). 

A mathematical description of these sur-
faces can be expressed by means of the 
following functions: f(Ttn, σsn, Nn) and 
f(Ttp, σsp, Np), which internally connect 
the: linear mass of the yarns. analysed as 
well as their coefficient of the real load-
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ing cycle and fatigue life (expressed by 
means of loading cycles). Searching for 
a surface model based on the results of 
fatigue investigations is a complex task. 
The surfaces considered are presented 
in Figures 7 and 8, enclosing informa-
tion on the mutual relations between the 
linear masses of smooth cotton yarns Ttn  
and the values of the coefficients of the 
real loading cycle (Figure 7) as well as 
between the linear masses of flame cot-
ton yarns Ttp and the values of the coeffi-
cients of the real loading cycles.

 Final remarks and conclusions
An analysis of the surface charts (Figure 7) 
of regression function 

Fig. 8. Isohypse graphs and surface regression function  
for the fatigue life of  flame cotton yarn. The regression equation, expressed 

by means of a linear-square polynomial, has the form:
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 An analysis of the surface charts (Fig. 7)  of regression function 
ˆ ( ; )n tn snN f T  ,

shows that the fatigue life of smooth cotton yarns mainly depends on the variations of the 
values of the real loading cycle. Additionally, it can be stated that the influence of the 
variability of the linear masses of these yarns is relatively low. It can be observed that the 

higher values of parameter    are  in the whole range of parameter tnT ; analysed; the fatigue 

strength  is lower and lower, going down to the value 0,7814 0,00092tn snT    , and after 
crossing this value, it slightly rises (in practice  it remains almost constant). The regression 
function analysed  does not have any local extremum. 

Analysis of the surface charts (Fig. 8) of regression function 
ˆ ( ; )p tp spN f T   also indicates 

that the type of ongoing changes of the fatigue life of  flame cotton yarns is similar to 
adequate changes  in the modelling for  smooth yarns. In this case, the fatigue life of the yarns 
considered mainly depends on the changes in values of the real loading cycle, where the 
influence of changes in the linear masses of these yarns in low. We can observe that the 

higher the values of parameter     are in the whole range of parameter tpT  analysed, the 
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also indicates that the type of ongoing 
changes of the fatigue life of flame cot-

ton yarns is similar to adequate changes 
in the modelling for smooth yarns. In this 
case, the fatigue life of the yarns consid-
ered mainly depends on the changes in 
values of the real loading cycle, where 
the influence of changes in the linear 
masses of these yarns in low. We can 
observe that the higher the values of pa-
rameter are in the whole range of param-
eter Ttp analysed, the fatigue strength of 
flame cotton yarns diminishes until the 
value Ttp = 0.7870 – 0.00156 · σsp, and 
after crossing this value,it slightly rises 
(practically remaining the same). The re-
gression function analysed does not have 
any local extremum.

To sum up, it can be stated that the sur-
face charts presented adequately and 

 

We can rewrite the relationship in the following form: 
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In the consideration of the necessary condition for the existence of a local extremum, we 
include a discriminant of two-variable-function in the form of determinant [11]: 
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Based on the sufficient conditions for the existence of a local extremum, in every case the 
following conditions were analysed:  
a) 0   – then the regression function analysed does not have a local extremum, 
b) 0   and 0A  – then the regression function analysed has a local minimum, 
c) 0   and 0A  – then the regression function analysed has a local maximum. 
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correctly describe the assessment of the 
results of the simultaneous influence 
of changes in the linear mass of cotton 
yarns (smooth and flame) Ttn and Ttp, re-
spectively, as well as of the coefficients 
of the real loading cycle σsn and σsp, re-
spectively, on the fatigue life of the yarns 
analysed, represented by the number of 
fatigue cycles Nn and Np.

In engineering practice, an essential con-
dition for the complex assessment of the 
damage process of a material subjected to 
time-varying loading is the performance 
of an analysis of consecutive phases of 
degradation. In the performance of this 
task, there is a possibility of utilisation 
of the surface charts discussed for the 
choice of parameters necessary for the 
completion of fatigue analysis of the ma-
terials investigated.
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