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Equations (4), (5), (6) and (7). 

parts are characterised by moisture flux 
density qnw = 0. The first-kind condition 
of the moisture transport specifies the 
state variable wf on the boundary portion 
Γ1 close to the skin. The fourth-kind con-
dition defines the same state variables on 
the common internal boundaries without 
void spaces Γi. The air gaps are charac-
terised by the combined conditions, as in 
Figure 3.b. The boundary portion close 
to the skin is characterised by moisture 
convection, that is by the third-kind con-
dition on part Γ3. The boundary Γ1 located 
on the opposite side is defined by the dis-
tribution of moisture concentration using 
the first-kind condition, see Equation (4).

	 Sensitivity analysis 
and unicriterial optimisation 
problem 

The set of material thicknesses is de-
scribed by the design parameter vector. 
Let us assume the first-order sensitivity 
as the material derivative of an arbitrary 
functional in respect of design parameter 
Fp = DF/Dbp. The objective functional 
determines selected parameters of mois-
ture transport, see Equation (5)

Where Ψ, γ are continuous and differen-
tiable functions of the arguments listed. 
The sensitivity is analysed by means of 
the direct approach, which is convenient 
for the limited number of design varia-
bles. The solution requires an additional 
heat and mass transfer problem associat-
ed with each thickness and primary prob-
lem. All structures have the same shape 
and transport conditions but different 
fields of state variables within the do-
main and on the external boundary. State 
variables are the temperature Tp and wa-
ter vapour concentrations 
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where Ψ, γ are continuous and differentiable functions of the arguments listed. The sensitivity 

is analysed by means of the direct approach, which is convenient for the limited number of 

design variables. The solution requires an additional heat and mass transfer problem

associated with each thickness and primary problem. All structures have the same shape and 

transport conditions but  different fields of state variables within the domain and on the 

external boundary. State variables are the temperature Tp and  water vapour concentrations 
p
fw & p

aw . Let us differentiate  appropriate equations for the primary problem, cf. [19,20],

Eq.(1) & Eq.(3).
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where Ψ, γ are continuous and differentiable functions of the arguments listed. The sensitivity 

is analysed by means of the direct approach, which is convenient for the limited number of 

design variables. The solution requires an additional heat and mass transfer problem
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transport conditions but  different fields of state variables within the domain and on the 

external boundary. State variables are the temperature Tp and  water vapour concentrations 
p
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Eq.(1) & Eq.(3).

. Let 
us differentiate appropriate equations for 
the primary problem, cf. [19, 20], Equa-
tion (1), Equation (3) and Equation (6).

The set of conditions has the form ob-
tained from [19, 20] and Equation (4), 
see Equation (7).

The sensitivity expression can be de-
termined in a final form using [19] and 
Equation (5), see Equation (8).

Layer thicknesses are determined using 
unicriterial optimisation, that is minimisa-
tion of the objective functional G with the 
imposed inequality constraint. The pro-
tective clothing is a set of homogeneous 
material layers of a cost proportional to 
the area Ω. Introducing the stationarity 
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 The set of conditions has the form obtained from [19,20] and Eq.(4).
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tionally. Therefore the heat flux densities 
are equal to qn = 0 on the side boundary 
portions Γq. Let us assume that the inter-
nal boundary portion ΓT does not contact 
the skin. Temperature within the void 
layer is time-dependent according to 
the prescribed function. The fourth-kind 
condition defines the same state variables 
on the common internal boundaries Γi 
without air gaps. The void spaces created 
by shape memory elements are charac-
terised by the combined boundary condi-
tions, Figure 3.a. The boundary portion 
close to the heat source is characterised 

by the radiation condition and convection 
condition (that is, the third-kind condi-
tion) and denoted as ΓC 

∩

 Γr. The bound-
ary ΓT close to the skin is defined by the 
current temperature, that is by the first-
kind condition. 

The external boundary portion Γ2 is pro-
tected by the membrane and external 
incombustible fabric, Figure 2.b. This 
is equivalent to the second-kind bound-
ary condition on part Γ2 of the moisture 
flux density equal to qnw = 0. Moisture is 
transported unidirectionally, and the side 
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 Layer thicknesses are determined using unicriterial optimisation, that is minimisation of 

the objective functional G with the imposed inequality constraint. The protective clothing is a 

set of homogeneous material layers of a cost proportional to the area Ω. Introducing the 

stationarity conditions of the Lagrangian functional in the form  2
0CCFF   , we 

can formulate the optimal conditions. 
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 The sensitivity DF/Dbp is formulated using Eq.(8). Variational formulation of the finite 

element method requires unequivocal physical interpretation of the problem. To secure  

appropriate working time in the protective clothing, let us minimise the moisture flux density 

on the boundary of the membrane, which corresponds to the design of an optimal moisture 

isolator. 
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4. Determination of optimal layer thicknesses within protective clothing 

To determine  optimal material thicknesses, it is necessary to specify the current 

distribution of state variables. Measuring devices can be located within a complex textile 

structure (for example, between material layers) and on the skin. The temperature on the 

external surface can be measured by means of a thermovision camera.  

Protective clothing is usually made of aramid fibres and characterised by high temperature 

resistance, inflammation resistance, excellent resistance to chemical agents, minimal emission 

of gases during high temperature decomposition and excellent abrasion resistance. Kevlar is 

an incombustible, wear-resistant and non-conductive aromatic polyamide. The material is also 

absorptive, soaked with a flammable substance of a combustion temperature of up to 400°C. 

It gradually decays under the influence of atmosphere and sunlight. Nomex is an aramid 

polymer used in fibres and fabrics of high mechanical and thermal resistance. Nomex has a 

lower softening temperature (about 220°C) and decomposition temperature (about 350°C)

than Kevlar; it is easier to dissolve in sulfuric acid, cheaper and simpler during processing.

The lining is made of Kevlar fabric (100%), whereas the nonwoven layer is a composition of 

Kevlar (25%) and incombustible impregnated cotton (75%). The surface mass is equal to 

1440kg/m2 for Kevlar and 310kg/m2 for impregnated cotton.  

The working time in clothing is limited and less than teq=540s. In addition, Kevlar fibres

have stable characteristics during both stages of the sorption process. The problem is 

described physically by the first stage of sorption. Design variables are two thicknesses of  
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of the fibres are assumed according to [23].  
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 The diffusion coefficient of water vapor in the air is Da=2,5e-5. Material porosities within 

fibres are assumed as constant for Kevlar   150,0iε and Kevlar + cotton   380,0iε .

 Let us define the orthotropic heat transport coefficients in textile material [23]. 
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 The sensitivity DF/Dbp is formulated using Eq.(8). Variational formulation of the finite 

element method requires unequivocal physical interpretation of the problem. To secure  

appropriate working time in the protective clothing, let us minimise the moisture flux density 

on the boundary of the membrane, which corresponds to the design of an optimal moisture 

isolator. 
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 The sensitivity DF/Dbp is formulated using Eq.(8). Variational formulation of the finite 

element method requires unequivocal physical interpretation of the problem. To secure  

appropriate working time in the protective clothing, let us minimise the moisture flux density 

on the boundary of the membrane, which corresponds to the design of an optimal moisture 

isolator. 
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 The sensitivity DF/Dbp is formulated using Eq.(8). Variational formulation of the finite 

element method requires unequivocal physical interpretation of the problem. To secure  
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for Kevlar and 310 kg/m2 for impregnat-
ed cotton. 

The working time in clothing is limited 
and less than teq =540 s. In addition, Kev-
lar fibres have stable characteristics dur-
ing both stages of the sorption process. 
The problem is described physically by 
the first stage of sorption. Design varia-
bles are two thicknesses of materials (1) 
Kevlar and (2) Kevlar + impregnated cot-
ton. Orthotropic diffusion coefficients of 
the fibres are assumed according to [23], 
see Equation (11).

The diffusion coefficient of water vapor 
in the air is Da = 2.5e-5. Material porosi-
ties within fibres are assumed as constant 
for Kevlar ε(i) = 0.150 and Kevlar + cot-
ton ε(i) = 0.380. 

Let us define the orthotropic heat trans-
port coefficients in textile material [23], 
see Equation (12).

The cross-transport coefficient λw deter-
mines the part of heat transported with 
moisture during sorption/desorption on 
the external surface of fibres. The volu-
metric heat capacity c is heat transferred to 
increase the temperature. Both parameters 
have the form [23], see Equation (13).

Coupled heat and mass transport is de-
fined by Equations (1) and (3). Let us as-
sume that the clothing is exposed to heat 
during 300 s. 

The void spaces are characterised by 
means of the complex emissivity, that is 
the repeated radiation heat exchange be-
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4. Determination of optimal layer thicknesses within protective clothing 

To determine  optimal material thicknesses, it is necessary to specify the current 

distribution of state variables. Measuring devices can be located within a complex textile 

structure (for example, between material layers) and on the skin. The temperature on the 

external surface can be measured by means of a thermovision camera.  

Protective clothing is usually made of aramid fibres and characterised by high temperature 

resistance, inflammation resistance, excellent resistance to chemical agents, minimal emission 

of gases during high temperature decomposition and excellent abrasion resistance. Kevlar is 

an incombustible, wear-resistant and non-conductive aromatic polyamide. The material is also 

absorptive, soaked with a flammable substance of a combustion temperature of up to 400°C. 

It gradually decays under the influence of atmosphere and sunlight. Nomex is an aramid 

polymer used in fibres and fabrics of high mechanical and thermal resistance. Nomex has a 

lower softening temperature (about 220°C) and decomposition temperature (about 350°C)

than Kevlar; it is easier to dissolve in sulfuric acid, cheaper and simpler during processing.

The lining is made of Kevlar fabric (100%), whereas the nonwoven layer is a composition of 

Kevlar (25%) and incombustible impregnated cotton (75%). The surface mass is equal to 

1440kg/m2 for Kevlar and 310kg/m2 for impregnated cotton.  

The working time in clothing is limited and less than teq=540s. In addition, Kevlar fibres

have stable characteristics during both stages of the sorption process. The problem is 

described physically by the first stage of sorption. Design variables are two thicknesses of  

materials (1) Kevlar and (2) Kevlar + impregnated cotton. Orthotropic diffusion coefficients 

of the fibres are assumed according to [23].  
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 The diffusion coefficient of water vapor in the air is Da=2,5e-5. Material porosities within 

fibres are assumed as constant for Kevlar   150,0iε and Kevlar + cotton   380,0iε .

 Let us define the orthotropic heat transport coefficients in textile material [23]. 
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 The cross-transport coefficient λw determines the part of heat transported with moisture 

during sorption / desorption on the external surface of fibres. The volumetric heat capacity c

is  heat transferred to increase the temperature. Both parameters have the form [23].
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 Coupled heat and mass transport is defined by Eqs.(1) and Eq.(3). Let us assume that the 

clothing is exposed to heat during 300s.

 The void spaces are characterised by means of the complex emissivity, that is the repeated 

radiation heat exchange between the two surfaces of the emissivity coefficient, cf. [25].
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κ1-2 denotes the complex emissivity between corresponding surfaces, and κ1 & κ2 are the 

emissivities of the adequate surface. 

 Let us consider a flat composite structure of  curvature H→0. Time changes from the 

initial t0=0 to the final tk=300s with a discrete increase Δt=10s. Minimisation of the moisture 

flux density corresponds to the optimal thicknesses of both material layers. The value of 

constraint imposed is the total cost of structure C0. Physically speaking, optimisation ensures

the slowest transport of sweat to provide the skin with an adequate moisture level. The 

sensitivity is expressed by Eq.(8) & Eq.(10). 

    ;
0

,
00

22

dt q dΓvq dΓv,qqG
ft

Σ

p
nw

Γ
l

p
nnnw

Γ
l

p
nnnw

p
ΓnwΓp   











 υvv  (15) 

 The iterative procedure consists of a synthesis and analysis stage. To formulate  sensitivity 

expressions, we solve the primary and two additional problems associated with each 

thickness. We can apply the same finite element net during the heat and mass transfer of the  

simplest 2D serendipity family. The structure at the analysis stage is approximated by means 

(12)
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Equations (8), (11), (12) and (13). 
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Table 1. Initial and optimal values of thickness for two material layers.

Initial thickness · 10-3 m Optimal thickness · 10-3 m
Lining Non-woven Lining Non-woven

7,00 7,00 7,15 9,45

Table 2. Initial and optimal values of thickness for lining, empty space (spacers) and non-
woven.

T °C
Initial thickness · 10-3 m Optimal thickness · 10-3 m Decrease in object. 

Funct.Lining Air Non-woven Lining Air Non-woven
35 7,00 0 7,00 7,75 5,00 8,81 7,13
40 7,00 0 7,00 7,67 5,00 8,99 8,15
45 7,00 0 7,00 7,78 5,00 9,42 8,75

Table 3. Initial and optimal values of thickness for lining, two empty spaces (spacers) and 
non-woven.

T ºC
Initial thickness · 10-3 m Optimal thickness · 10-3 m Decrease 

in object. 
Funct.Air Lining Air Non-wovens Air Lining Air Non-wovens

35 0 7,00 0 7,00 5,00 7,82 0 7,05 8,15
40 0 7,00 0 7,00 5,00 7,10 0 7,20 9,02
45 0 7,00 0 7,00 5,00 6,95 0 7,89 9,55

tween the two surfaces of the emissivity 
coefficient, cf. [25].
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κ1–2 denotes the complex emissivity be-
tween corresponding surfaces, and κ1 & 
κ2 are the emissivities of the adequate 
surface.

Let us consider a flat composite structure 
of curvature H→0. Time changes from 
the initial t0 = 0 to the final tk = 300 s with 
a discrete increase Δt = 10 s. Minimisa-
tion of the moisture flux density corre-
sponds to the optimal thicknesses of both 
material layers. The value of constraint 
imposed is the total cost of structure C0. 
Physically speaking, optimisation en-
sures the slowest transport of sweat to 
provide the skin with an adequate mois-
ture level. The sensitivity is expressed by 
Equations (8) & (10).
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The iterative procedure consists of a syn-
thesis and analysis stage. To formulate 
sensitivity expressions, we solve the pri-
mary and two additional problems asso-
ciated with each thickness. We can apply 
the same finite element net during the 
heat and mass transfer of the simplest 2D 
serendipity family. The structure at the 
analysis stage is approximated by means 

of 8-nodal rectangular elements, with the 
nodes located in corners and in the mid-
dle of each boundary. Each layer is de-
scribed by 200 elements of 1200 nodes. 
At the synthesis stage, the second-order 
Newton procedure and first-order method 
of the steepest descent can be applied to 
determine that the directional minimum 
can change maximally by 35%. The in-
itial and optimal values of thicknesses 
are specified in Table 1. The thickness of 
the nonwoven layer increases maximal-
ly by 35% in comparison to the initial 
one. The optimal objective functional is 
reduced by 6,71% as compared to the in-
itial value. 

To improve thermal insulation and sweat 
transport, let us introduce shape memo-
ry elements. Their length grows rapidly 
at a prescribed temperature and creates 
a void space filled with air of insignifi-
cant moisture content. The main problem 
is to determine properly the activation 
temperature. The final length of the el-
ement has an effect on the optimisation 
results, because the air layer has limited 
thickness. Let us introduce a void layer 
between the lining and nonwoven layer 
of final dimensions 5ˑ10-3 m. Optimi-
sation results for three different activa-
tion temperatures are listed in Table 2. 
The lower the activation temperature, the 
lower the thickness of the nonwoven lay-
er. The thicknesses of the lining are com-
parable, regardless of the temperature. 
The objective functional decreases from 
7,13% to 8,45%, and the final thickness 

of the complete structure is greater than 
the initial one. 

To analyse the sensitivity of transport 
conditions to the number of void layers, 
let us introduce other active elements be-
tween the inner blocking layer and non-
woven layer. Thus the entire structure is 
characterised by two void layers which are 
activated at the specified temperature. Op-
timisation results for the same activation 
temperatures are recorded in Table 3. Sim-
ilarly the lower the activation temperature, 
the lower the thickness of the nonwoven 
layer. The temperature also affects the 
dimensions of the lining. The lower the 
temperature, the lower the thickness of the 
lining. The objective functional decreases 
from 8,15% to 9,55%. 

	 Conslusions
The basic protective clothing for fire-
fighters cannot be exposed to heat for 
a long time and nor contact the flame. 
Hence this requires a physical model of 
the problem. Heat is transported with-
in fibres by conduction, whereas on 
the outer surfaces of fibres and within 
void spaces this occurs by convection. 
The transport of moisture (sweat) is de-
scribed using Fick’s diffusion principle. 
The mathematical model contains heat 
and mass transport equations accompa-
nied by Fick’s correlation as well as a set 
of boundary and initial conditions. These 
equations can be solved numerically to 
determine the distribution of state varia-
bles. The optimisation procedure is sen-
sitivity oriented and optimal thicknesses 
are determined using the first-order sen-
sitivities of the objective functional in 
respect of the design parameter. The ob-
jective functional has a clear physical 
interpretation, important to absorb the 
moisture maximally within the material. 
Thermal insulation can be additionally 
improved by application of active ele-
ments. The void layer is a better thermal 
insulator than textiles (that is, lining and 
non-woven). Moreover moisture (sweat) 
is transported by diffusion, which is 
much more intense in air than in textiles 
because the diffusion coefficients differ 
significantly. An additional absorbing 
layer is created which significantly re-
duces the transport of moisture within the 
structure. Thus the higher the number of 
air layers, the better the insulation prop-
erties during moisture transport. 

Theoretical analysis and the optimisa-
tion procedure concerning coupled heat 
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and mass transport require physical and 
mathematical modelling as well as the 
sensitivity concept. An optimal solution 
can be determined using multicriterial 
optimisation of an arbitrary objective 
functional. The parameters can be the 
layer thicknesses, material properties of 
a particular layer, topology, weight, as 
well as physical, chemical and mechan-
ical properties of composite structure, 
etc. The main difficulty is to determine 
an adequate objective functional of the 
unequivocal physical interpretation. An 
example of application can be a firemen 
suit of increased thermal and mechanical 
resistance subjected to external heat radi-
ation and contact with flame. The prob-
lem is complex because heat is transport-
ed by direct contact and the heat flux is of 
a considerable value. It follows that new 
physical problems and optimisation tech-
niques can be implemented to develop 
the analysis.
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