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Abstract
The main goal is to determine the optimal thickness of material layers in seams in respect of 
their insulating properties. The impact of structure on heat insulation and moisture resistance 
is also described. The insulation was analysed for different types of sealed seams which are 
typically used to connect the different parts of clothing. The coupled heat and mass transport 
problem is defined by the transport equations and a set of boundary and initial conditions. 
Based on the variational approach, we introduce the typical objective functionals and the 
optimality conditions. The problem was solved using the finite element method at the analysis 
stage and sensitivity approach at the synthesis stage.  
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 Introduction
Seams are applied to connect the various 
parts of textiles. The total external sur-
face of seams is insignificant in relation 
to the area of clothing, hence the surface 
fraction is small. However, seams are es-
sential in respect of the thermal protection 
and moisture resistance of a protective 
suit. A combination of different materials 
and threads inside needle channels reduc-
es significantly the insulating properties 
in these places. Thus the seam structure 
is additionally sealed by means of a tape 
fastened by polymer film. The appro-
priate components are multilayer textile 
laminates equipped with semi-permeable 
membranes. The total structure is also 
a complex multilayer laminate consisting 
of several material layers, several layers 
of polymer, membrane and sealing tape. 

Breathable waterproof fabric trans-
ports the water vapour, but prevents 
the passage of water through itself [1]. 
The problem can also be found in the 
seam pack. As is presented in [1, 2], hy-
drophilic membranes are highly resistant 
to water penetration and bi-component 
membranes have enhanced strength and 
elongation properties. During the man-
ufacturing process of clothing, we can 
introduce different joints cf. seams, glue 
joints and welding joints [3]. In order to 
ensure the good quality of waterproof 
clothing, it is important to apply an ap-
propriate stitch structure irrespective of 
the selection of adequate textile mate-
rials. Some studies have shown that the 
mechanical properties of the seam affects 
the mutual arrangement of materials, 
the number of layers in fabric, the type 
of thread, the stitch density, and the type 
of seam [4-6]. Many studies [2-5] have 
shown that the seam performance (seam 
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was analysed for different types of seams 
which are typically used to connect the 
different parts of clothing. To improve 
thermal and water vapour protection, 
every seam is additionally secured by 
means of sealing tape. 

The novelty elements are as follows: (i) 
analysis of the seams which are typical-
ly used in the manufacturing process, 
(ii) optimisation of material thickness to 
obtain the optimal structure in respect of 
different criteria, (iii) choice and charac-
teristics of the most sensitive elements of 
the seam.

 Physical and mathematical 
model of coupled heat 
and moisture transport 

Let us first define a physical model of the 
coupled heat and mass transfer within 
a typical seam. The objects are the seams 
types according to ISO 4915:1991 [17] 
2.02.02, LSb-1; 4.03.03, SSz-3; 2.04.03, 
LSc-2; cf. Table 1. The two-layer lami-
nate is made of PES fabric and membrane 
connected by polymer. The sealing tape 
is also connected by polymer to the com-
plete seam to create a seam pack. Thus 
there are a few material layers of different 
material characteristics. The main goal 
of the seam is to secure the comfortable 
heat and moisture level on the skin, drain 

sweat outside and prevent the penetration 
of water vapour inwards. Let us assume 
a dynamic process of the short moistur-
izing time and relatively insignificant 
moisture flux density from the skin. Thus 
volume changes in PES fabric caused by 
moisture diffusion are negligible, Li [18]. 
The crucial problem is now to optimise 
the material thickness of some layers to 
secure optimal behavior of the seam. 

The standard seam is a space structure of 
the same internal configuration repeat-
able in the subsequent cross-sections. 
However, the physical conditions are 
similar along the seam, with the only dif-
ference being the position on the user. To 
simplify the calculations and save time, 
the spatial problem can be reduced to an 
optional cross-section of the seam i.e. 
we analyse the plane problem. The fi-
nite element formulation is considerably 
simplified and the calculations are not 
time-consuming. 

The typical coupled problem of heat 
and moisture transport is characterised 
in textile structures by Li [18], Li, Luo 
[19].The coupled transport indicates that 
moisture transmits a portion of heat, 
whereas heat transports moisture at the 
level of molecules. Textiles have a re-
peatable structure made of fibrous ma-
terial and void spaces between textiles. 

strength, elongation, seam efficiency) de-
pends on the interrelationship of fabrics, 
threads, stitch and seam type selection 
and sewing conditions, which include 
needle size, stitch density etc. 

The general process used to manufacture 
a garment from these fabric pieces is 
sewing, but it is possible for this fabric 
to leak water at stitch holes, which caus-
es a fatal problem to the functionality of 
breathable waterproof fabric. Therefore 
it is necessary to seal the seam line us-
ing waterproofing tape. Study [7] pre-
sents the influence of the sealing process 
on the seam characteristics of breatha-
ble waterproof fabrics made by various 
finishing methods, in which the authors 
state that the sealing of seams improves 
their strength properties compared to 
sewn ones. It is evident that the quality 
of bonded seams depends on bonding 
parameters. In [8] the authors investigat-
ed the performance of bonded seams of 
some thermoplastic materials with an ad-
ditional layer of silicone paper. Although 
the results of the investigation showed 
the delamination of the seams created, it 
was determined that the bonding strength 
of textile depends on fabrics structure 
characteristics as well. 

The Authors of works [7, 9, 10] ana-
lysed the strength of the seam after the 
sealing process for two directions (along 
and across the seam). The result of this 
test confirms that the seam strength for 
the material tested is lower across than 
in the longitudinal direction. Comparing 
the test results presented in [10, 11], we 
determine that quality of sealing seams 
depends on process parameters such as 
the temperature, pressure intensity and 
sealing speed as well as the quality of 
joined layers defined by the parameters 
of the bonding process (i.e. temperature, 
pressure intensity and pressing duration). 
The problem can be consistently solved 
by means of a global approach i.e. the 
sensitivity of heat and mass transport 
within clothing [12]. The alternative can 
be a local approach and analysis of some 
transport problems within the structural 
component [13-15]. Some problems con-
cerning laminates in respect of techno-
logical procedures are analysed in [16].

The main goal of the paper is to deter-
mine the optimal thickness of material 
layers in respect of insulating properties 
of the seam. Additionally it is possible 
to determine the impact of the structure 
on the heat insulation and moisture re-
sistance of sealed seams. The insulation 

Table 1. Analyzed seams according to ISO 4915:1991 [17]; 1 – sealing tape; 2 – membrane; 
3 – PES fabric.

No Seam type Stitch type Seam scheme

1 2.02.02, LSb-1 301

Table 1. Analyzed seamsaccording to ISO 4915:1991 [17]; 
1 – sealing tape; 2 –membrane; 3 – PES fabric. 

No seam type stitch type seam scheme

1 2.02.02, LSb-1 301

2 4.03.03, SSz-3 301

3 2.04.03, LSc-2 301

2 4.03.03, SSz-3 301
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3 2.04.03, LSc-2 301
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Therefore the material is defined by an 
instantaneous thermodynamical equi-
librium on the contact surfaces. Heat 
is transported in fibers by conduction 
whereas from the outer fiber surfaces it is 
by radiation and convection to the voids. 
The only method of moisture transport is 
diffusion within textiles and free spaces. 
The diffusion process can be determined 
additionally from the experimental rela-
tionship according to Li [18]. The equi-
librium time teq is defined empirically for 
some textiles, cf. Li [18]; Haghi [20]. Let 
us assume that the analysis time is short-
er than the equilibrium time of fabric  
teq = 540s. The fibers are near-cylindrical 
and the moisture concentration is negligi-
ble at the beginning of the coupled trans-
port. Thus the first stage of sorption in 
a dry textile according to Fick is a diffu-
sion of moisture into the relaxed fibrous 
material. 

Of course, the inhomogeneous material 
of each textile layer should be first ho-
mogenised. Fibrous material consists of 
yarns and free spaces between material. 
Therefore the first step is homogenisation 
at the micro level, that is determination 
of homogeneous fibers within the partic-
ular layer. Thus the entire material layer 
is homogenised as a result of homogeni-
zation at the macro level. It is evident that 
there is a complex two-stage homogeni-
zation procedure. The corresponding pa-
rameters depend on the fractional water 
content on the fiber surface, cf. for exam-
ple Haghi [20].

The physical behaviour of a material 
system subjected to coupled transport 
is defined by the set of state variables. 
The variables are representative for the 
system and depend on its physical for-

mulation. Typical parameters are tem-
perature, moisture level, thermal entro-
py, enthalpy, pressure etc. The approach 
proposed uses a balance formulation of 
heat and moisture transport determined 
according to [18, 19] as second-order dif-
ferential equations in respect of tempera-
ture T as well as moisture concentrations 
in fibers wf and void spaces wa. Therefore 
these three parameters are assumed as the 
state variables.

The mathematical model of coupled heat 
and mass transport finally contains the 
following: (i) heat and mass balances, (ii) 
constitutive material equations, (iii) re-
lationships between state variables, and 
(iv) physical and chemical correlations in 
each material phase. The seam does not 
include the internal heat and mass sourc-
es (f = fw = 0). The initial heat and mass 
flux densities are q*

 = qw
*

 = 0. 

The first phase of sorption is determined 
by the heat and mass transport equations 
and the third experimental equation ac-
cording to David, Nordon [21]. Let us 
introduce coefficient β, cf. Crank [22], Li 
[18] 

variables, and (iv)  physical and chemical correlations in each material phase. The seam does 

not include the internal heat and mass sources (f=fw=0).  The initial heat and mass flux 

densities are q*=qw
*=0.  

The first phase of sorption is determined by the heat and mass transport equations and the 

third experimental equation according to David, Nordon [21]. Let us introduce  coefficient β,

cf. Crank [22], Li [18] 𝑤𝑤𝑓𝑓 = ρβw𝑎𝑎 to simplify the description of moisture sorption on the fiber 

surface. Finally the transport equations in the (i)-th layer have the form given by Korycki in 

[23]. 

𝜂𝜂(𝑖𝑖) (1 − 𝜀𝜀(𝑖𝑖) + 𝜀𝜀(𝑖𝑖)

𝛽𝛽(𝑖𝑖))
dw𝑓𝑓

dt = −div𝑞𝑞𝑤𝑤
(𝑖𝑖);      𝑞𝑞𝑤𝑤

(𝑖𝑖) = 𝐷𝐷(𝑖𝑖) ⋅ 𝛻𝛻𝑤𝑤𝑓𝑓
(𝑖𝑖);

𝜌𝜌(𝑖𝑖)𝑐𝑐(𝑖𝑖) dT(𝑖𝑖)

dt + 𝜆𝜆𝑤𝑤
(𝑖𝑖)(1 − 𝜀𝜀(𝑖𝑖)) dw𝑓𝑓

(𝑖𝑖)

dt = −div𝑞𝑞(𝑖𝑖);       𝑞𝑞(𝑖𝑖) = 𝐴𝐴(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻(𝑖𝑖).

{

  (1) 

To solve the equations, it is necessary to introduce the boundary conditions, Figure 1. The 

lower portion of the seam pack contacts  skin of  specific levels of temperature and water 

vapour concentration. The model is characterised by  first kind conditions on portions ΓT and 

Γ1. Side parts of the structure have insignificant dimensions and are secured by the sealing 

tape. The model is defined by  second kind conditions of heat and water vapour transport on 

the adequate boundary portions Γq and Γ2 of the side boundaries. Heat and water vapour are 

transported from the upper portion of the seam pack (i.e. the sealing tape) to the surroundings. 

Heat is lost by convection (the third kind condition, portion ΓC) and radiation (portion Γr), 

while for moisture it is by convection ( third kind condition, portion Γ3). The common contact 

surfaces between materials of the adjacent layers (i), (i+1) are described by the fourth kind 

conditions and the corresponding boundaries are Γi, Γ4. The initial conditions determine the 

distribution of temperature and water vapour concentrations at the beginning of the process 

i.e. the same as in the environment for the relaxed material. All conditions have the form. 

lower boundary:  𝛻𝛻(𝑇𝑇𝑇 𝑇𝑇) = 33 + 𝑡𝑡
60    𝑇𝑇 𝑡 ⟨0; 60⟩𝑠𝑠;    𝑇𝑇 𝑡 𝑥𝑥𝑇𝑇;

𝑤𝑤𝑓𝑓(𝑇𝑇𝑇 𝑇𝑇) = 0𝑇08[1 + sin(0𝑇003Πt)]   𝑇𝑇 𝑡 ⟨0; 60⟩𝑠𝑠;    𝑇𝑇 𝑡 𝑥𝑥1;
side boundaries: 𝑞𝑞𝑛𝑛(𝑇𝑇𝑇 𝑇𝑇) = 0 ;   𝑇𝑇 𝑡 𝑥𝑥𝑞𝑞;  𝑞𝑞𝑤𝑤(𝑇𝑇𝑇 𝑇𝑇) = 0 ;   𝑇𝑇 𝑡 𝑥𝑥2;

upper boundary: 𝑞𝑞𝑛𝑛(𝑇𝑇𝑇 𝑇𝑇) = 𝑥[𝛻𝛻(𝑇𝑇𝑇 𝑇𝑇) − 𝛻𝛻∞] 𝑇𝑇 𝑡 𝑥𝑥𝑐𝑐 ; 𝑞𝑞𝑛𝑛
𝑟𝑟(𝑇𝑇𝑇 𝑇𝑇) = 𝜎𝜎𝛻𝛻4   𝑇𝑇 𝑡 𝑥𝑥𝑟𝑟

  (2) 

 to simplify the descrip-
tion of moisture sorption on the fiber 
surface. Finally the transport equations 
in the (i)-th layer have the form given by 
Korycki in [23], see Equation (1).
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Figure 1. The lower portion of the seam 
pack contacts skin of specific levels of 
temperature and water vapour concen-
tration. The model is characterised by 
first kind conditions on portions ΓT and 
Γ1. Side parts of the structure have insig-
nificant dimensions and are secured by 
the sealing tape. The model is defined 

Equations (1) and (2).

(1)

(2)

by second kind conditions of heat and 
water vapour transport on the adequate 
boundary portions Γq and Γ2 of the side 
boundaries. Heat and water vapour are 
transported from the upper portion of the 
seam pack (i.e. the sealing tape) to the 
surroundings. Heat is lost by convection 
(the third kind condition, portion ΓC) and 
radiation (portion Γr), while for moisture 
it is by convection ( third kind condition, 
portion Γ3). The common contact surfac-
es between materials of the adjacent lay-
ers (i), (i+1) are described by the fourth 
kind conditions and the corresponding 
boundaries are Γi, Γ4. The initial condi-
tions determine the distribution of tem-
perature and water vapour concentrations 
at the beginning of the process i.e. the 
same as in the environment for the re-
laxed material. All conditions have the 
form of Equation (2).

𝑞𝑞𝑤𝑤(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑥𝑤𝑤[𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓] 𝑥𝑥 𝑥 𝑥𝑥3 ;
Internal boundaries: 𝑇𝑇(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑇𝑇(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥 𝑥𝑥𝑖𝑖;     𝑤𝑤𝑓𝑓(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓

(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥
𝑥𝑥4;

Initial conditions: 𝑇𝑇(𝑥𝑥𝑥 𝑇𝑥 𝑥 𝑇𝑇𝑓    𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥𝑥;          𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑇𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓    𝑥𝑥 𝑥
(𝛺𝛺 𝛺 𝑥𝑥𝑥.

First-order approach of sensitivity analysis 

The thickness of material layers is optimised using the sensitivity approach. The material 

derivative concept DFDb𝑝𝑝 𝑥 𝐹𝐹𝑝𝑝 is implemented as the first-order sensitivity of the objective 

functional in respect of design parameters. Let us assume that the objective functional is 

generally defined using  parameters wf; qw; wf∞ on the external boundary.  

𝐹𝐹 𝑥 ∫ [∫ 𝛾𝛾2(𝑤𝑤𝑓𝑓𝑥q𝑤𝑤𝑥w𝑓𝑓𝑓𝑥dΓ𝛤𝛤(𝑏𝑏𝑥 ] dt𝑡𝑡𝑓𝑓
0 ;    (3) 

Integrand γ is the continuous and differentiable function of the listed arguments.  

The direct approach [14,23] is advantageous for the structures defined by the insignificant 

number of design variables, for example the thicknesses of textile layers. Introducing P design 

variables, we solve (P+1) problems i.e. P additional problems of heat and mass transfer 

associated with each variable and the 1 primary problem. The state variables are the 

temperature 𝑇𝑇𝑝𝑝 𝑥 𝜕𝜕T/𝜕𝜕𝜕𝜕𝑝𝑝 and  water vapor concentrations 𝑤𝑤𝑓𝑓
𝑝𝑝 𝑥 𝜕𝜕 𝑤𝑤𝑓𝑓 𝜕𝜕⁄ 𝜕𝜕𝑝𝑝, 𝑤𝑤𝑎𝑎

𝑝𝑝 𝑥 𝜕𝜕 𝑤𝑤𝑎𝑎 𝜕𝜕⁄ 𝜕𝜕𝑝𝑝.

Each of the additional problems has the same geometric shape and transport conditions inside 

the structure and on the external boundary as the primary one. Some fields within the domain 

and on the specified portions of the outer boundary are different in both problems [14,23]. 

Moreover the direct and additional problems are analysed in real time. The necessary 

correlations are derived by the differentiation of  the equations appropriated for the primary 

problem Eqs.(1),(2). Some components are independent of the design parameters, thus the 

material derivatives have the form [14] DT0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑇𝑇; Dw𝑓𝑓

0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑖; Dq𝑛𝑛0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑞𝑞; Dq𝑤𝑤0

Db𝑝𝑝
𝑥

𝑇; 𝑥𝑥 𝑥 𝑥𝑥2; DT0
Db𝑝𝑝

𝑥 𝑇; Dw𝑓𝑓0
Db𝑝𝑝

𝑥 𝑇; 𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥𝑥. The final transport equations and boundary conditions 

are the following: 

 First-order approach 
of sensitivity analysis

The thickness of material layers is 
optimised using the sensitivity ap-
proach. The material derivative concept  
DFDbp = Fp is implemented as the first-or-
der sensitivity of the objective functional 
in respect of design parameters. Let us 
assume that the objective functional is 
generally defined using parameters wf; 
qw; wf∞ on the external boundary. 

𝑞𝑞𝑤𝑤(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑥𝑤𝑤[𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓] 𝑥𝑥 𝑥 𝑥𝑥3 ;
Internal boundaries: 𝑇𝑇(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑇𝑇(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥 𝑥𝑥𝑖𝑖;     𝑤𝑤𝑓𝑓(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓

(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥
𝑥𝑥4;

Initial conditions: 𝑇𝑇(𝑥𝑥𝑥 𝑇𝑥 𝑥 𝑇𝑇𝑓    𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥𝑥;          𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑇𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓    𝑥𝑥 𝑥
(𝛺𝛺 𝛺 𝑥𝑥𝑥.

First-order approach of sensitivity analysis 

The thickness of material layers is optimised using the sensitivity approach. The material 

derivative concept DFDb𝑝𝑝 𝑥 𝐹𝐹𝑝𝑝 is implemented as the first-order sensitivity of the objective 

functional in respect of design parameters. Let us assume that the objective functional is 

generally defined using  parameters wf; qw; wf∞ on the external boundary.  

𝐹𝐹 𝑥 ∫ [∫ 𝛾𝛾2(𝑤𝑤𝑓𝑓𝑥q𝑤𝑤𝑥w𝑓𝑓𝑓𝑥dΓ𝛤𝛤(𝑏𝑏𝑥 ] dt𝑡𝑡𝑓𝑓
0 ;    (3) 

Integrand γ is the continuous and differentiable function of the listed arguments.  

The direct approach [14,23] is advantageous for the structures defined by the insignificant 

number of design variables, for example the thicknesses of textile layers. Introducing P design 

variables, we solve (P+1) problems i.e. P additional problems of heat and mass transfer 

associated with each variable and the 1 primary problem. The state variables are the 

temperature 𝑇𝑇𝑝𝑝 𝑥 𝜕𝜕T/𝜕𝜕𝜕𝜕𝑝𝑝 and  water vapor concentrations 𝑤𝑤𝑓𝑓
𝑝𝑝 𝑥 𝜕𝜕 𝑤𝑤𝑓𝑓 𝜕𝜕⁄ 𝜕𝜕𝑝𝑝, 𝑤𝑤𝑎𝑎

𝑝𝑝 𝑥 𝜕𝜕 𝑤𝑤𝑎𝑎 𝜕𝜕⁄ 𝜕𝜕𝑝𝑝.

Each of the additional problems has the same geometric shape and transport conditions inside 

the structure and on the external boundary as the primary one. Some fields within the domain 

and on the specified portions of the outer boundary are different in both problems [14,23]. 

Moreover the direct and additional problems are analysed in real time. The necessary 

correlations are derived by the differentiation of  the equations appropriated for the primary 

problem Eqs.(1),(2). Some components are independent of the design parameters, thus the 

material derivatives have the form [14] DT0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑇𝑇; Dw𝑓𝑓

0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑖; Dq𝑛𝑛0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑞𝑞; Dq𝑤𝑤0

Db𝑝𝑝
𝑥

𝑇; 𝑥𝑥 𝑥 𝑥𝑥2; DT0
Db𝑝𝑝

𝑥 𝑇; Dw𝑓𝑓0
Db𝑝𝑝

𝑥 𝑇; 𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥𝑥. The final transport equations and boundary conditions 

are the following: 

 (3)

Integrand γ is the continuous and differ-
entiable function of the listed arguments. 
The direct approach [14, 23] is advan-
tageous for the structures defined by the 
insignificant number of design variables, 
for example the thicknesses of textile 
layers. Introducing P design variables, 
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we solve (P+1) problems i.e. P addition-
al problems of heat and mass transfer 
associated with each variable and the 1 
primary problem. The state variables are 
the temperature 

𝑞𝑞𝑤𝑤(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑥𝑤𝑤[𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓] 𝑥𝑥 𝑥 𝑥𝑥3 ;
Internal boundaries: 𝑇𝑇(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑇𝑇(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥 𝑥𝑥𝑖𝑖;     𝑤𝑤𝑓𝑓(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓

(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥
𝑥𝑥4;

Initial conditions: 𝑇𝑇(𝑥𝑥𝑥 𝑇𝑥 𝑥 𝑇𝑇𝑓    𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥𝑥;          𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑇𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓    𝑥𝑥 𝑥
(𝛺𝛺 𝛺 𝑥𝑥𝑥.

First-order approach of sensitivity analysis 

The thickness of material layers is optimised using the sensitivity approach. The material 

derivative concept DFDb𝑝𝑝 𝑥 𝐹𝐹𝑝𝑝 is implemented as the first-order sensitivity of the objective 

functional in respect of design parameters. Let us assume that the objective functional is 

generally defined using  parameters wf; qw; wf∞ on the external boundary.  

𝐹𝐹 𝑥 ∫ [∫ 𝛾𝛾2(𝑤𝑤𝑓𝑓𝑥q𝑤𝑤𝑥w𝑓𝑓𝑓𝑥dΓ𝛤𝛤(𝑏𝑏𝑥 ] dt𝑡𝑡𝑓𝑓
0 ;    (3) 

Integrand γ is the continuous and differentiable function of the listed arguments.  

The direct approach [14,23] is advantageous for the structures defined by the insignificant 

number of design variables, for example the thicknesses of textile layers. Introducing P design 

variables, we solve (P+1) problems i.e. P additional problems of heat and mass transfer 

associated with each variable and the 1 primary problem. The state variables are the 

temperature 𝑇𝑇𝑝𝑝 𝑥 𝜕𝜕T/𝜕𝜕𝜕𝜕𝑝𝑝 and  water vapor concentrations 𝑤𝑤𝑓𝑓
𝑝𝑝 𝑥 𝜕𝜕 𝑤𝑤𝑓𝑓 𝜕𝜕⁄ 𝜕𝜕𝑝𝑝, 𝑤𝑤𝑎𝑎

𝑝𝑝 𝑥 𝜕𝜕 𝑤𝑤𝑎𝑎 𝜕𝜕⁄ 𝜕𝜕𝑝𝑝.

Each of the additional problems has the same geometric shape and transport conditions inside 

the structure and on the external boundary as the primary one. Some fields within the domain 

and on the specified portions of the outer boundary are different in both problems [14,23]. 

Moreover the direct and additional problems are analysed in real time. The necessary 

correlations are derived by the differentiation of  the equations appropriated for the primary 

problem Eqs.(1),(2). Some components are independent of the design parameters, thus the 

material derivatives have the form [14] DT0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑇𝑇; Dw𝑓𝑓

0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑖; Dq𝑛𝑛0

Db𝑝𝑝
𝑥 𝑇; 𝑥𝑥 𝑥 𝑥𝑥𝑞𝑞; Dq𝑤𝑤0

Db𝑝𝑝
𝑥

𝑇; 𝑥𝑥 𝑥 𝑥𝑥2; DT0
Db𝑝𝑝

𝑥 𝑇; Dw𝑓𝑓0
Db𝑝𝑝

𝑥 𝑇; 𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥𝑥. The final transport equations and boundary conditions 

are the following: 

 and water 
vapor concentrations 

𝑞𝑞𝑤𝑤(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑥𝑤𝑤[𝑤𝑤𝑓𝑓(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓𝑓] 𝑥𝑥 𝑥 𝑥𝑥3 ;
Internal boundaries: 𝑇𝑇(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑇𝑇(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥 𝑥𝑥𝑖𝑖;     𝑤𝑤𝑓𝑓(𝑖𝑖𝑥(𝑥𝑥𝑥 𝑥𝑥𝑥 𝑥 𝑤𝑤𝑓𝑓

(𝑖𝑖𝑖𝑖𝑥 (𝑥𝑥𝑥 𝑥𝑥𝑥    𝑥𝑥 𝑥
𝑥𝑥4;
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number of functionals N is the same as 
the that of the problems, and the prima-
ry problem is also included. The method 
is convenient for a small number of ob-
jective functionals. Geometry and ma-
terial characteristics are the same in the 
primary and each adjoint system, but 
some fields of state variables should be 
redefined. Logical is the application of 
complex shapes which are a synthesis of 
simple bodies defined by a large num-
ber of design variables, because the op-
timisation introduces the only or a few 
objective functionals. A large majority 
of engineering problems in the textile 
industry comprise the single function-
al and only adjoint problem. The state 
variables are now the temperature T a 
and water vapor concentrations 

𝜂𝜂(𝑖𝑖) (1 − 𝜀𝜀(𝑖𝑖) + 𝜀𝜀(𝑖𝑖)

𝛽𝛽(𝑖𝑖))
dw𝑓𝑓

𝑝𝑝

dt = −div𝑞𝑞𝑤𝑤
(𝑖𝑖)𝑝𝑝;      𝑞𝑞𝑤𝑤

(𝑖𝑖)𝑝𝑝 = 𝐷𝐷(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻𝑓𝑓
(𝑖𝑖)𝑝𝑝;

𝜌𝜌(𝑖𝑖)𝑐𝑐(𝑖𝑖) dT(𝑖𝑖)

dt + 𝜆𝜆𝑤𝑤
(𝑖𝑖)(1 − 𝜀𝜀(𝑖𝑖))

dw𝑓𝑓
(𝑖𝑖)𝑝𝑝

dt = −div𝑞𝑞(𝑖𝑖)𝑝𝑝;       𝑞𝑞(𝑖𝑖)𝑝𝑝 = 𝐴𝐴(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻(𝑖𝑖)𝑝𝑝.

{

   (4) 

lower boundary:  𝛻𝛻𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = −𝛻𝛻𝛻𝛻0 ⋅ 𝑣𝑣𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥𝑇𝑇;    𝛻𝛻𝑓𝑓
𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = −𝛻𝛻𝛻𝛻𝑓𝑓

0 ⋅ 𝑣𝑣𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥1;
side boundaries: 𝑞𝑞𝑛𝑛

𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = 𝑞𝑞𝛤𝛤
0 ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝 − 𝛻𝛻𝛤𝛤𝑞𝑞𝑛𝑛
0 ⋅ 𝑣𝑣𝛤𝛤

𝑝𝑝 − 𝑞𝑞n𝑥n
0 𝑣𝑣𝑛𝑛

𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥𝑞𝑞;

   𝑞𝑞𝑤𝑤
𝑝𝑝 (𝑥𝑥𝑥 𝑥𝑥) = 𝑞𝑞wΓ

0 ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛
𝑝𝑝 − 𝛻𝛻𝛤𝛤𝑞𝑞𝑤𝑤

0 ⋅ 𝑣𝑣𝛤𝛤
𝑝𝑝 − 𝑞𝑞w𝑥n

0 𝑣𝑣𝑛𝑛
𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥2;

upper boundary: 𝑞𝑞𝑛𝑛
𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = ℎ(𝛻𝛻𝑝𝑝 − 𝛻𝛻∞

𝑝𝑝) + 𝑞𝑞𝛤𝛤 ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛
𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥𝑐𝑐; 𝑞𝑞𝑛𝑛

rp = 4𝜎𝜎𝛻𝛻3𝛻𝛻𝑝𝑝     𝑥𝑥 𝑥 𝑥𝑥𝑟𝑟;

𝑞𝑞𝑤𝑤
𝑝𝑝 (𝑥𝑥𝑥 𝑥𝑥) = ℎ𝑤𝑤(𝛻𝛻𝑓𝑓

𝑝𝑝 − 𝛻𝛻𝑓𝑓∞
𝑝𝑝 ) + 𝑞𝑞wΓ ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥3;
Internal boundaries: 𝛻𝛻𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥) = 𝛻𝛻𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥)   𝑥𝑥 𝑥 𝑥𝑥𝑖𝑖;     𝛻𝛻𝑓𝑓

𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥) = 𝛻𝛻𝑓𝑓
𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥)   𝑥𝑥 𝑥 𝑥𝑥4;

Initial conditions: 𝛻𝛻0
𝑝𝑝(𝑥𝑥𝑥 𝑥) = −𝛻𝛻𝛻𝛻0 ⋅ 𝑣𝑣𝑝𝑝  𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥);     𝛻𝛻𝑓𝑓0

𝑝𝑝 (𝑥𝑥𝑥 𝑥) = −𝛻𝛻𝛻𝛻𝑓𝑓0 ⋅ 𝑣𝑣𝑝𝑝   𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥).

The first-order sensitivity expression can be simplified to the form [14,23]. 

𝐹𝐹𝑃𝑃 = ∫ {∫ [−γ𝑥𝑤𝑤𝑓𝑓(𝛻𝛻𝛤𝛤𝛻𝛻𝑓𝑓
0𝑣𝑣𝛤𝛤

𝑝𝑝 + 𝛻𝛻𝑓𝑓
0𝑥𝑛𝑛 𝑣𝑣𝑛𝑛

𝑝𝑝) + γ𝑥𝑞𝑞𝑤𝑤(𝑞𝑞𝑤𝑤
𝑝𝑝 − 𝑞𝑞wΓ𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝)]
𝛤𝛤1

 dΓ1 +
𝑡𝑡𝑓𝑓

0

∫ {γ𝑥𝑤𝑤𝑓𝑓𝛻𝛻𝑓𝑓
𝑝𝑝 − γ𝑥𝑞𝑞𝑤𝑤(𝛻𝛻𝛤𝛤𝑞𝑞𝑤𝑤

0 𝑣𝑣𝛤𝛤
𝑝𝑝 + 𝑞𝑞𝑤𝑤

0 𝑥𝑛𝑛 𝑣𝑣𝑛𝑛
𝑝𝑝)}𝛤𝛤2

 dΓ2 + ∫ [γ𝑥𝑤𝑤𝑓𝑓𝛻𝛻𝑓𝑓
𝑝𝑝 + γ𝑥𝑞𝑞𝑤𝑤ℎ𝑤𝑤(𝛻𝛻𝑓𝑓

𝑝𝑝 − 𝛻𝛻𝑓𝑓∞
𝑝𝑝 )] dΓ3 +𝛤𝛤3

 (5) 
∫ (γ𝑥𝑛𝑛 − 2𝐻𝐻𝐻𝐻)𝑣𝑣𝑛𝑛

𝑝𝑝 dΓ𝛤𝛤 + ∫ (γ𝑥𝑤𝑤𝑓𝑓𝑓𝛻𝛻𝑓𝑓∞
𝑝𝑝 )  d𝑥𝑥𝛤𝛤 + ∫ ] γ𝑣𝑣𝑝𝑝 ⋅ 𝜐𝜐𝜐𝛴𝛴 }dt  p = 1, 2...P.

  

The first-order sensitivity can be alternatively analysed using the adjoint approach and system 

of adjoint problems associated with each objective functional. We now solve (N+1) problems 

because the number of functionals N is the same as the that of the problems, and the primary 

problem is also included. The method is convenient for a small number of objective 

functionals. Geometry and material characteristics are the same in the primary and each 

adjoint system, but some fields of state variables should be redefined. Logical is the 

application of complex shapes which are a synthesis of simple bodies defined by a large 

number of design variables, because the optimisation introduces the only or a few objective 

functionals. A large majority of engineering problems in the textile industry comprise the 

single functional and  only adjoint problem. The state variables are now the temperature Ta

and  water vapor concentrations𝛻𝛻𝑓𝑓
𝑎𝑎,𝛻𝛻𝑎𝑎

𝑎𝑎. The transport equations and  set of conditions has an 

analogical form like the equations in the primary structure [14,23]. The necessary correlations 

, 

𝜂𝜂(𝑖𝑖) (1 − 𝜀𝜀(𝑖𝑖) + 𝜀𝜀(𝑖𝑖)

𝛽𝛽(𝑖𝑖))
dw𝑓𝑓

𝑝𝑝

dt = −div𝑞𝑞𝑤𝑤
(𝑖𝑖)𝑝𝑝;      𝑞𝑞𝑤𝑤

(𝑖𝑖)𝑝𝑝 = 𝐷𝐷(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻𝑓𝑓
(𝑖𝑖)𝑝𝑝;

𝜌𝜌(𝑖𝑖)𝑐𝑐(𝑖𝑖) dT(𝑖𝑖)

dt + 𝜆𝜆𝑤𝑤
(𝑖𝑖)(1 − 𝜀𝜀(𝑖𝑖))

dw𝑓𝑓
(𝑖𝑖)𝑝𝑝

dt = −div𝑞𝑞(𝑖𝑖)𝑝𝑝;       𝑞𝑞(𝑖𝑖)𝑝𝑝 = 𝐴𝐴(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻(𝑖𝑖)𝑝𝑝.

{

   (4) 

lower boundary:  𝛻𝛻𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = −𝛻𝛻𝛻𝛻0 ⋅ 𝑣𝑣𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥𝑇𝑇;    𝛻𝛻𝑓𝑓
𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = −𝛻𝛻𝛻𝛻𝑓𝑓

0 ⋅ 𝑣𝑣𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥1;
side boundaries: 𝑞𝑞𝑛𝑛

𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = 𝑞𝑞𝛤𝛤
0 ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝 − 𝛻𝛻𝛤𝛤𝑞𝑞𝑛𝑛
0 ⋅ 𝑣𝑣𝛤𝛤

𝑝𝑝 − 𝑞𝑞n𝑥n
0 𝑣𝑣𝑛𝑛

𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥𝑞𝑞;

   𝑞𝑞𝑤𝑤
𝑝𝑝 (𝑥𝑥𝑥 𝑥𝑥) = 𝑞𝑞wΓ

0 ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛
𝑝𝑝 − 𝛻𝛻𝛤𝛤𝑞𝑞𝑤𝑤

0 ⋅ 𝑣𝑣𝛤𝛤
𝑝𝑝 − 𝑞𝑞w𝑥n

0 𝑣𝑣𝑛𝑛
𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥2;

upper boundary: 𝑞𝑞𝑛𝑛
𝑝𝑝(𝑥𝑥𝑥 𝑥𝑥) = ℎ(𝛻𝛻𝑝𝑝 − 𝛻𝛻∞

𝑝𝑝) + 𝑞𝑞𝛤𝛤 ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛
𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥𝑐𝑐; 𝑞𝑞𝑛𝑛

rp = 4𝜎𝜎𝛻𝛻3𝛻𝛻𝑝𝑝     𝑥𝑥 𝑥 𝑥𝑥𝑟𝑟;

𝑞𝑞𝑤𝑤
𝑝𝑝 (𝑥𝑥𝑥 𝑥𝑥) = ℎ𝑤𝑤(𝛻𝛻𝑓𝑓

𝑝𝑝 − 𝛻𝛻𝑓𝑓∞
𝑝𝑝 ) + 𝑞𝑞wΓ ⋅ 𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝   𝑥𝑥 𝑥 𝑥𝑥3;
Internal boundaries: 𝛻𝛻𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥) = 𝛻𝛻𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥)   𝑥𝑥 𝑥 𝑥𝑥𝑖𝑖;     𝛻𝛻𝑓𝑓

𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥) = 𝛻𝛻𝑓𝑓
𝑝𝑝(𝑖𝑖)(𝑥𝑥𝑥 𝑥𝑥)   𝑥𝑥 𝑥 𝑥𝑥4;

Initial conditions: 𝛻𝛻0
𝑝𝑝(𝑥𝑥𝑥 𝑥) = −𝛻𝛻𝛻𝛻0 ⋅ 𝑣𝑣𝑝𝑝  𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥);     𝛻𝛻𝑓𝑓0

𝑝𝑝 (𝑥𝑥𝑥 𝑥) = −𝛻𝛻𝛻𝛻𝑓𝑓0 ⋅ 𝑣𝑣𝑝𝑝   𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝑥𝑥).

The first-order sensitivity expression can be simplified to the form [14,23]. 

𝐹𝐹𝑃𝑃 = ∫ {∫ [−γ𝑥𝑤𝑤𝑓𝑓(𝛻𝛻𝛤𝛤𝛻𝛻𝑓𝑓
0𝑣𝑣𝛤𝛤

𝑝𝑝 + 𝛻𝛻𝑓𝑓
0𝑥𝑛𝑛 𝑣𝑣𝑛𝑛

𝑝𝑝) + γ𝑥𝑞𝑞𝑤𝑤(𝑞𝑞𝑤𝑤
𝑝𝑝 − 𝑞𝑞wΓ𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝)]
𝛤𝛤1

 dΓ1 +
𝑡𝑡𝑓𝑓

0

∫ {γ𝑥𝑤𝑤𝑓𝑓𝛻𝛻𝑓𝑓
𝑝𝑝 − γ𝑥𝑞𝑞𝑤𝑤(𝛻𝛻𝛤𝛤𝑞𝑞𝑤𝑤

0 𝑣𝑣𝛤𝛤
𝑝𝑝 + 𝑞𝑞𝑤𝑤

0 𝑥𝑛𝑛 𝑣𝑣𝑛𝑛
𝑝𝑝)}𝛤𝛤2

 dΓ2 + ∫ [γ𝑥𝑤𝑤𝑓𝑓𝛻𝛻𝑓𝑓
𝑝𝑝 + γ𝑥𝑞𝑞𝑤𝑤ℎ𝑤𝑤(𝛻𝛻𝑓𝑓

𝑝𝑝 − 𝛻𝛻𝑓𝑓∞
𝑝𝑝 )] dΓ3 +𝛤𝛤3

 (5) 
∫ (γ𝑥𝑛𝑛 − 2𝐻𝐻𝐻𝐻)𝑣𝑣𝑛𝑛

𝑝𝑝 dΓ𝛤𝛤 + ∫ (γ𝑥𝑤𝑤𝑓𝑓𝑓𝛻𝛻𝑓𝑓∞
𝑝𝑝 )  d𝑥𝑥𝛤𝛤 + ∫ ] γ𝑣𝑣𝑝𝑝 ⋅ 𝜐𝜐𝜐𝛴𝛴 }dt  p = 1, 2...P.

  

The first-order sensitivity can be alternatively analysed using the adjoint approach and system 

of adjoint problems associated with each objective functional. We now solve (N+1) problems 

because the number of functionals N is the same as the that of the problems, and the primary 

problem is also included. The method is convenient for a small number of objective 

functionals. Geometry and material characteristics are the same in the primary and each 

adjoint system, but some fields of state variables should be redefined. Logical is the 

application of complex shapes which are a synthesis of simple bodies defined by a large 

number of design variables, because the optimisation introduces the only or a few objective 

functionals. A large majority of engineering problems in the textile industry comprise the 

single functional and  only adjoint problem. The state variables are now the temperature Ta

and  water vapor concentrations𝛻𝛻𝑓𝑓
𝑎𝑎,𝛻𝛻𝑎𝑎

𝑎𝑎. The transport equations and  set of conditions has an 

analogical form like the equations in the primary structure [14,23]. The necessary correlations 

. 
The transport equations and set of condi-
tions has an analogical form like the equa-
tions in the primary structure [14, 23]. 
The necessary correlations are deter-
mined by the analysis of corresponding 
terms within the mathematical equations 
[14, 23]. The transport equations and set of 
conditions are expressed as Equation (6).

Disadvantageous and mathematically 
inconvenient is the transformation of 
time between systems. The time τ in the 
adjoint approach is measured reversely 
to the time t for the primary system. It 
is troublesome to store the information 
of time because the final time t = tf in 
the primary problem is predefined as the 
starting time τ = 0 according to the rule  
τ = tf – t. The sensitivity expression has 
a simplified form [14, 23] of Equa-
tion (7).

Equations (6) and (7).

(6)

(7)

Optimal design of material thickness 
within seam
The optimal design of material thickness 
is defined as the search for the minimum 
of objective functional F with the im-
posed constraint of the structural cost C. 
Assuming a homogeneous structure of 
each material layer, the structural cost 
is proportional to the area of domain Ω. 
Introducing the Lagrangian functional in 
the form 

are determined by the analysis of corresponding terms within the mathematical equations 

[14,23]. The transport equations and set of conditions are expressed as follows. 

𝜂𝜂(𝑖𝑖) (1 − 𝜀𝜀(𝑖𝑖) + 𝜀𝜀(𝑖𝑖)

𝛽𝛽(𝑖𝑖))
dw𝑓𝑓

𝑎𝑎

dt = −div𝑞𝑞𝑤𝑤
(𝑖𝑖)𝑎𝑎;      𝑞𝑞𝑤𝑤

(𝑖𝑖)𝑎𝑎 = 𝐷𝐷(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻𝑓𝑓
(𝑖𝑖)𝑎𝑎;

𝜌𝜌(𝑖𝑖)𝑐𝑐(𝑖𝑖) dT(𝑖𝑖)

dt + 𝜆𝜆𝑤𝑤
(𝑖𝑖)(1 − 𝜀𝜀(𝑖𝑖)) dw𝑓𝑓

(𝑖𝑖)𝑎𝑎

dt = −div𝑞𝑞(𝑖𝑖)𝑎𝑎;       𝑞𝑞(𝑖𝑖)𝑎𝑎 = 𝐴𝐴(𝑖𝑖) ⋅ 𝛻𝛻𝛻𝛻(𝑖𝑖)𝑎𝑎.

{

   

 (6) 
𝛻𝛻𝑓𝑓

𝑎𝑎(𝑥𝑥𝑥𝑥 = 𝑥) = 𝑥    𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝛺𝛺); 𝛻𝛻𝑓𝑓
0𝑎𝑎(𝑥𝑥𝑥 𝑥𝑥) = γ𝑥𝑞𝑞𝑤𝑤(𝑥𝑥𝑥 𝑥𝑥)     𝑥𝑥 𝑥 𝛺𝛺1;

𝑞𝑞𝑤𝑤
*a(𝑥𝑥𝑥𝑥) = 𝑥    𝑥𝑥 𝑥 𝛺𝛺;   𝑞𝑞𝑤𝑤

0𝑎𝑎(𝑥𝑥𝑥𝑥) = −γ𝑥𝑤𝑤𝑓𝑓(𝑥𝑥𝑥t)     𝑥𝑥 𝑥 𝛺𝛺2;
𝛻𝛻𝑓𝑓𝑓

𝑎𝑎 (𝑥𝑥𝑥𝑥) = 1
ℎ𝑤𝑤

γ𝑥𝑤𝑤𝑓𝑓(𝑥𝑥𝑥t) + γ𝑥𝑞𝑞𝑤𝑤(𝑥𝑥𝑥t)     𝑥𝑥 𝑥 𝛺𝛺3. 𝛻𝛻𝑎𝑎(𝑥𝑥𝑥𝑥 = 𝑥) = 𝑥   𝑥𝑥 𝑥 (𝛺𝛺 𝛺 𝛺𝛺);
𝑓𝑓𝑎𝑎(𝑥𝑥𝑥𝑥) = 𝑥   𝑥𝑥 𝑥 𝛺𝛺  𝑞𝑞*a(𝑥𝑥𝑥𝑥) = 𝑥    𝑥𝑥 𝑥 𝛺𝛺;  𝛻𝛻0𝑎𝑎(𝑥𝑥𝑥𝑥) = 𝑥     𝑥𝑥 𝑥 𝛺𝛺𝑇𝑇; 
𝑞𝑞𝑛𝑛

0𝑎𝑎(𝑥𝑥𝑥𝑥) = 𝑥    𝑥𝑥 𝑥 𝛺𝛺𝑞𝑞;  𝑞𝑞𝑛𝑛
ar(𝑥𝑥𝑥𝑥) = 𝑥     𝑥𝑥 𝑥 𝛺𝛺𝑟𝑟;  𝛻𝛻𝑓

𝑎𝑎(𝑥𝑥𝑥𝑥) = 𝑥    𝑥𝑥 𝑥 𝛺𝛺𝑐𝑐;  

Disadvantageous and mathematically inconvenient is the transformation of time between 

systems. The time τ in the adjoint approach is measured reversely to the time t for the primary 

system. It is troublesome to store the information of time because the final time t=tf in the 

primary problem is predefined as the starting time τ=0 according to the rule τ=tf–t. The 

sensitivity expression has the following simplified form [14,23]. 

𝐹𝐹𝑝𝑝 = − ∫ {∫ [(γ𝑥𝑤𝑤𝑓𝑓 + 𝑞𝑞nw
𝑎𝑎 ) (𝛻𝛻𝛤𝛤𝛻𝛻𝑓𝑓

0𝑣𝑣𝛤𝛤
𝑝𝑝 + 𝛻𝛻𝑓𝑓

0𝑥𝑛𝑛 𝑣𝑣𝑛𝑛
𝑝𝑝)

𝛤𝛤1
+ γ𝑥𝑞𝑞𝑤𝑤𝑞𝑞wΓ𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛

𝑝𝑝]dΓ1
𝑡𝑡𝑓𝑓

0
+

− ∫ [(𝛾𝛾𝑥𝑞𝑞𝑤𝑤− 𝛻𝛻𝑓𝑓
𝑎𝑎)(𝛻𝛻𝛤𝛤𝑞𝑞𝑤𝑤

0 𝑣𝑣𝛤𝛤
𝑝𝑝 − 𝑞𝑞𝑤𝑤

0 𝑥𝑛𝑛 𝑣𝑣𝑛𝑛
𝑝𝑝) − 𝛻𝛻𝑓𝑓

𝑎𝑎𝑞𝑞wΓ𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛
𝑝𝑝]𝛤𝛤2

dΓ2 +    (7) 
∫ [(𝛻𝛻𝑓𝑓

𝑎𝑎 − γ𝑥𝑞𝑞𝑤𝑤)ℎ𝑤𝑤𝛻𝛻𝑓𝑓𝑓
𝑝𝑝 − 𝛻𝛻𝑓𝑓

𝑎𝑎𝑞𝑞wΓ𝛻𝛻𝛤𝛤𝑣𝑣𝑛𝑛
𝑝𝑝]𝛤𝛤3

dΓ3 + ∫ (γ𝑥𝑛𝑛 − 2𝐻𝐻𝛾𝛾)𝑣𝑣𝑛𝑛
𝑝𝑝 dΓ𝛤𝛤 + ∫ γ𝑥𝑤𝑤𝑓𝑓𝑓𝛻𝛻𝑓𝑓𝑓

𝑝𝑝  dΓ𝛤𝛤 +
∫ ] γ𝑣𝑣𝑝𝑝 ⋅ 𝜐𝜐[𝛴𝛴 }dt.

Optimal design of material thickness within seam 

The optimal design of material thickness is defined as the search for the minimum of  

objective functional F with the imposed constraint of the structural cost C. Assuming a 
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The algorithm of thickness optimisation 
of material layers within seams is shown 
in Figure 2. 

Thickness optimisation of seams
Let us introduce the two-layer lami-
nate R2511A/150 Granat 690/T+ME1.  
The components are the fabric 20020/160/ 
690L, made of 100% PES of initial thick-
ness 0.40ˑ10-3 m, and a membrane made of 
100% PES of initial thickness 0.015ˑ10-3 m. 
 External protection is two-layer seal-
ing tape T020/2/8 STO–NOR, which is 
0.12ˑ10-3 m thick. The seams are sewn up 
by means of PES threads made of staple 
fibers – Coats Astra (thickness 30 tex, 
number tkt in metric system M110). De-
sign variables are the material thickness g1 
of the laminate and g2 of the sealing tape. 
Let us additionally assume that moisture 
is transported as water vapor from the skin 
to the surroundings.

The material parameters of fabric and 
thread are a function of the fractional wa-
ter content on the fiber surface described 
by the water vapour concentration in 
fibers and material density. The material 
parameters of both the membrane and 
tape are moisture independent. The or-
thotropic matrix of diffusion coefficients 
of water vapour in material can be deter-
mined by means of [20]. Let us code the 
particular i-th layer by i = 1 PES fabric, 
i = 2 membrane, i = 3 sealing tape, and 
i = 4 PES threads. The local directional 
description depends on the material ana-
lysed. Thus, the x axis is always tangen-
tial to the fabric, membrane and sealing 
tape (i.e. directed along the structure), 
whereas the y axis is normal to these 
structures (i.e. orthogonal to the surface). 
A different system is introduced for PES 
threads. The x axis is directed along the 
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cross-section and the y axis along the 
thread i.e. normal to the cross-section. 
The global directional description is 
place-dependent and can change along 
the particular component. The equations 
have the form of Equation (11).

The structures are homogenised using 
the efficient and simple rule of mixture. 
The diffusion coefficient of water vapour 
in air is equal to Da = 2,5e-5. The material 
porosity and sorption coefficient of water 
vapour in the material are introduced as 
a constant in the form of Equation (12).

Heat conduction coefficients for ortho-
tropic material are defined as [20] Equa-
tion (13).

The cross-transport coefficient λw and 
heat capacity c are assumed according to 
[20] Equation (14).

The primary problem is defined us-
ing the transport equations – Equation 
(1) and the set of conditions – Equa-
tion (2). Let us optimise the materi-
al thickness in respect of the minimal 
moisture flux density on the surface 
of the sealing tape Γext = ΓC  Γr  Γ3, 
cf. Equation (9). The problem is solved 
using the direct and adjoint approaches to 
sensitivity analysis. The direct approach 
is defined by Equation (4). The time var-
ies from the initial value t0 = 0 to the fi-
nal – tk = 300 s, and the discrete increase 
is assumed as Δt = 10 s. The surface film 

The alternative is the adjoint approach 
defined by Equation (6) and sensitivity 
expression Equation (7) simplified in 
respect of Equation (9) to the form of 
Equation (16).

The optimization procedure is iterative 
and consists of both the analysis and syn-
thesis stage. Threads are located within 

Problem formulation. 
Description of seams. Simplifications.

Physical model. 
Physical description. Homogenisation.

Mathematical model. 
Transport equations, boundary and initial conditions.

Optimization. 
Sensitivity analysis. Particular form of objective functional.

Numerical implementation. Analysis: application of Finite Element Net. 
Synthesis: numerical optimisation of objective functional with constraints.

Results. 
Description of optimal thicknesses and the most sensitive places.

Figure 2. Algorithm of thickness optimisation of textile layers in seam pack.

conductance is equal to h = 8 W/(m2K), 
and the surrounding conditions are  
T∞ = 20°C, wf∞ = 0,06 kg/m3. The external 
boundary is defined by line segments of 
mean curvature H = 0. The optimisation 
problem is defined by Equation (8) and 
the final form of the sensitivity expres-
sion can be described in respect of Equa-
tion (5), as Equation (15).

Equations (11), (12), (13) and (14).

(11)

(12)

layer sealing tape T020/2/8 STO–NOR, which is 0.12ˑ10-3m thick. The seams are sewn up by 

means of PES threads made of staple fibers - Coats Astra (thickness 30 Tex, number tkt in 

metric system M110). Design variables are the material thickness g1 of the laminate and g2 of 

the sealing tape. Let us additionally assume that  moisture is transported as  water vapor from 

the skin to the surroundings. 

The material parameters of fabric and thread are a function of the fractional water content on 

the fiber surface described by the water vapour concentration in fibers and material density. 

The material parameters of both the membrane and tape are moisture independent. The 

orthotropic matrix of diffusion coefficients of water vapour in material can be determined by 

means of [20]. Let us code the particular i-th layer by i=1 PES fabric, i=2 membrane, i=3

sealing tape, and i=4 PES threads. The local directional description depends on the material 

analysed. Thus, the x axis is always tangential to the fabric, membrane and sealing tape (i.e. 

directed along the structure), whereas the y axis is normal to these structures (i.e. orthogonal 

to the surface). A different system is introduced for PES threads. The x axis is directed along 

the cross-section and the y axis along the thread i.e. normal to the cross-section. The global 

directional description is place-dependent and can change along the particular component. 

The equations have the form: 

     𝐷𝐷(𝑖𝑖) = |𝐷𝐷xx
(𝑖𝑖) 0
0 𝐷𝐷yy

(𝑖𝑖)| ;     

 (11) 

PES fabric: 𝐷𝐷xx
(1) = (1,12 − 410𝑊𝑊𝐶𝐶 − 8200𝑊𝑊𝐶𝐶
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2) ⋅ 10−13.
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1.85 ⋅ 10−13.
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2) ⋅ 10−14; 𝐷𝐷yy
(4)

= (1,40 − 450𝑊𝑊𝐶𝐶 − 8250𝑊𝑊𝐶𝐶
2) ⋅ 10−13.

The structures are homogenised using the efficient and simple rule of mixture. The diffusion 

coefficient of water vapour in air is equal to Da=2,5e-5. The material porosity and  sorption 

coefficient of water vapour in the material are introduced as a constant in the form. 
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PES fabric:  𝜀𝜀(1) = 0,150;    𝜂𝜂(1) = 0.320;       membrane: 𝜀𝜀(2) = 0,050;    𝜂𝜂(2) = 0,050;
tape:  𝜀𝜀(3) = 0,060;    𝜂𝜂(3) = 0,060;                PES thread:  𝜀𝜀(4) = 0,110;    𝜂𝜂(4) = 0.220

 (12) 

Heat conduction coefficients for orthotropic material are defined as follows [20]. 

𝐴𝐴(𝑖𝑖) = |𝜆𝜆xx
(𝑖𝑖) 0
0 𝜆𝜆yy

(𝑖𝑖)| ;     

PES fabric: 𝜆𝜆xx
(1) = 28, 8 ⋅ 10−3;     𝜆𝜆yy

(1) = 33, 0 ⋅ 10−3;
membrane: 𝜆𝜆xx

(2) = 66, 0 ⋅ 10−3;    𝜆𝜆yy
(2) = 75, 0 ⋅ 10−3;

tape: 𝜆𝜆11
(3) = 58, 0 ⋅ 10−3;               𝜆𝜆22

(3) = 62, 0 ⋅ 10−3;
PES thread: 𝜆𝜆xx

(4) = 25, 3 ⋅ 10−3;    𝜆𝜆yy
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the needle channel of the same dimen-
sions. The complex structure at the anal-
ysis stage is successively approximated 
during heat and moisture transport by 

the same finite element net of the seren-
dipity family according to Zienkiewicz 
[24]. Let us introduce plane rectangular 
4-nodal elements of the nodes in corners. 

The total structure has 900 elements of 
2600 nodes. The state variables are deter-
mined primarily, and the set of additional 
problems and adjoint problem by solu-
tion of the basic finite element equation. 
The directional minimum at the synthesis 
stage is determined using the second-or-
der Newton method or alternatively the 
first-order method of the steepest de-
scent. Thus it is necessary to introduce 
additionally a limitation concerning the 
difference in material thickness which 
cannot be greater than ±15% in relation 
to the initial one. The thicknesses, the 
number of iterations necessary to obtain 
the optimum, and the reduction in the 
objective functional related to the initial 
one are listed in Table 2a. The optimal 
thicknesses of PES fabric are close to 
the imposed limit, whereas the differenc-
es for the sealing tape are insignificant. 
The optimal objective functional is re-
duced between 13,01% and 17,48% in 
respect of the initial value.

The alternative thickness distribution is 
determined for a thread of a dimension 
equal to 90% of that of the needle channel, 
Table 2b. Thus irrespective of the trans-
port within the material, heat and mass 
are transmitted through the void spaces 
between the thread and fabric. The opti-
mal thicknesses of PES fabric are always 
greater than the original, but significantly 
smaller than the upper limit. The optimal 
dimensions of the sealing tape are conver-
gent with those specified for the previous 
case. The number of iterations required to 
determine the minimum is now consid-
erably greater than previously, while the 
objective functional decreases relatively 
slightly (9.27% to 11.59%). 

The difference in the optimal dimensions 
of material layers is the result of the dif-
ferent heat and mass transfer conditions. 
In the first case, heat and mass are trans-
ported only across the material, whereas 
in the second this occurs simultaneously 
through the material and voids around 
the thread. Therefore threads are the most 
sensitive element of the seam structure, 
considerably influencing the optimum.

The criterion can also be the equalised 
moisture distribution on the upper surface 
of the sealing tape. The objective func-
tional describes the global measure of lo-
cal moisture concentration in fibers wf on 
the surface Γext = ΓC  Γr  Γ3, cf. Equation 
(10), for the exponent equal to n = 25. 
Optimal shapes are determined using the 
direct method. Optimality conditions are Equations (15), (16) and (17).

(15)

(16)

(17)

Table 2. Initial and optimal material thicknesses, number of iterations and reduction in 
objective functional for minimisation of the moisture flux density:
a) threads and needle channel of the same dimensions.

Design variable / 
optimal parameters g1∙10-3m membrane∙10-3m g2∙10-3m No of  

iterations
Reduc.obj. 
functional

Initial thickness 0.40 0.015 0.12 – –
Optimal thickness  
seam 2.02.02, LSb-1 0.45 0.015 0.13 19 17.48%

Optimal thickness  
seam 4.03.03, SSz-3 0.44 0.015 0.13 24 12.22%

Optimal thickness  
seam 2.04.03, LSc-2 0.45 0.015 0.13 20 13.01%

b) threads and needle channel of different dimensions.

Design variable / 
optimal parameters g1∙10-3m membrane∙10-3m g2∙10-3m No of  

iterations
Reduc.obj. 
functional

Initial thickness 0.40 0.015 0.12 – –
Optimal thickness  
seam 2.02.02, LSb-1 0.43 0.015 0.13 21 10.81%

Optimal thickness  
seam 4.03.03, SSz-3 0.42 0.015 0.14 35 9.27%

Optimal thickness  
seam 2.04.03, LSc-2 0.42 0.015 0.14 30 11.59%

Table 3. Initial and optimal material thicknesses, number of iterations and reduction in 
objective functional for equalised moisture distribution:
a) threads and needle channel of the same dimensions.

Design variable /  
optimal parameters g1∙10-3m membrane∙10-3m g2∙10-3m No of 

iterations
Reduc.obj. 
functional

Initial thickness 0.40 0.015 0.12 – –
Optimal thickness  
seam 2.02.02, LSb-1 0.38 0.015 0.11 15 7.22%

Optimal thickness  
seam 4.03.03, SSz-3 0.36 0.015 0.11 17 9.16%

Optimal thickness  
seam 2.04.03, LSc-2 0.36 0.015 0.11 17 10.01%

b) threads and needle channel of different dimensions.

Design variable /  
optimal parameters g1∙10-3m membrane∙10-3m g2∙10-3m No of  

iterations
Reduc.obj. 
functional

Initial thickness 0.40 0.015 0.12 – –
Optimal thickness  
seam 2.02.02, LSb-1 0.36 0.015 0.10 19 6.25%

Optimal thickness  
seam 4.03.03, SSz-3 0.37 0.015 0.10 24 9.16%

Optimal thickness  
seam 2.04.03, LSc-2 0.37 0.015 0.10 22 10.10%
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defined again by Equation (8). The pri-
mary problem is determined using Equa-
tions (1) and (2), and the direct approach 
by Equation (4). The sensitivity expres-
sion can be simplified in respect of Equa-
tion (5) to the form of Equation (17).

The structure is approximated at the anal-
ysis stage using the same finite element 
net for the primary and the set of addi-
tional problems. The directional mini-
mum at the synthesis stage is calculated 
using the Newton procedure and alter-
natively the method of steepest descent. 
The initial and optimal values are listed 
in Table 3 for the same and different di-
ameters of the thread and needle channel. 
The first case (Table 3.a, the same diam-
eters) is characterised by the thicknesses 
of PES fabric and sealing tape close to 
the lower limit. The minimal objective 
functional is obtained, respectively, in 
15, 17, 17 steps and reduced between 
7,22% and 10,01% to the initial value. 
Similar results were obtained in the sec-
ond case (Table 3.b, different diameters), 
but the number of iterations required to 
determine the minimum is greater. 

 Conclusions 
Optimisation of the material thickness 
in a seam pack subjected to coupled heat 
and mass transport is a complex engi-
neering problem. Coupled transport is 
described by means of the transport equa-
tions and a set of boundary and initial 
conditions. The problem is next solved 
using the material derivative concept and 
first-order sensitivity approach i.e. the 
direct and adjoint method of sensitivity 
analysis. The variational approach of the 
finite element method gives a clear phys-
ical interpretation of the problem solved. 
Thus the objective functionals are the 
moisture flux density and the measure 
of moisture distribution on the external 
boundary of the sealing tape. Minimisa-
tion of the flux density secures an ade-
quate moisture level on the user’s skin. 
Minimisation of moisture distribution 
causes equalized water vapor concentra-
tion within the seam, which is important 
in the wide seam. 

The results obtained are logical and indi-
cate that the optimal thicknesses satisfy 
the true physical problems. Thus the meth-
od proposed seems to be a promising tool 
for generating the optimal thicknesses of 
different materials within the seam pack. 
Additionally the numerical optimization is 
cheaper and more universal than the com-

plex analysis of prototypes and provides 
some practical benefits.

Moreover the results obtained allow to 
determine the most sensitive component 
of the structure, which are the sewing 
threads inside the needle channels, where 
the heat and mass can be transported in 
the voids between the thread and mate-
rial. These free spaces allow unrestricted 
heat and mass transfer, which signifi-
cantly affects the distribution of optimal 
thicknesses. A possible future course of 
action can be searching for such objec-
tive functionals and structural responses 
that will identify other sensitive compo-
nents within the seam. 

The seam pack has a very small thick-
ness and consists of a few different com-
ponents. Therefore optimisation should 
include the constraints imposed on the 
dimension differences, which cannot be 
greater than 15% in relation to the initial 
dimensions. These are, in fact, additional 
constraints irrespective of the inequality 
constraint of the structural cost imposed. 

The paper presented is a theoretical opti-
misation of material thickness using com-
puter analysis. The problem should be 
compared with corresponding tests, which 
is beyond the scope of the paper present-
ed. Thus it is necessary to introduce real 
seams subjected to different temperatures 
and moisture concentrations. The problem 
is now being analyzed and the necessary 
test stand is in preparation. 
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